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Abstract 
This thesis details a study of the va,cuum structure of QCD using the tool of 
lattice gauge theory. 
Chapter 1 gives an introduction to path integrals, semi-classical approximations 
to path integrals, instantons, topological charge and instariton phenomenology. 
Chapter 2 introduces lattice gauge theory and the problems of studying topolog-
ical charge on the lattice. The cooling method arid its pitfalls are discussed arid 
details are given of a study undertaken of under-relaxed cooling. 
In Chapter 3 the algorithms that were developed to study the instantons on the 
cooled configurations are discussed. 
Chapter 4 gives the results for the structure of the vacuum: size distributions, 
spatial distributions, correlations between charges, and scaling of distributions 
with the lattice spacing. 
Chapter 5 discusses an exploratory study of the low-lying eigenimodes of the 
Wilson-Dirac operator. The zero-modes of both the unimproved and improved 
operators on cold and heated instantons are calculated and the lattice artefacts 
investigated. 
Chapter 6 contains my conclusions and suggestions for future work. 
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Quantum Chromodynamics (QCD) is the theory of the strong interactions. It 
is a gauge theory based on the non-abelian group SU(3). The quanta of this 
theory, the gluons, carry colour charge and interact both with quarks arid with 
themselves. 
The early quark models, postulating that hadroris were made up of fraction-
ally charged spin-half particles, were successful in accounting for many observed 
hadron properties. However they predicted that the wave-functions of the baryons 
were symmetric under interchange of quarks which because of Fermi's Principle 
was clearly wrong. This and the problem of unobserved states was solved by 
the introduction of the colour degree of freedom which allowed the baryon wave-
functions to be made anti-symmetric under interchange of the quarks. Quarks 
are now assumed to come in 3 colours which form a triplet under SU(3). Because 
colour is not observed, quarks are assumed to be confined and only observed in 
qj or qqq states. The mechanism of confinement is still not understood. 
QCD possesses the property of asymptotic freeclom[1][2]; at high energies the 
coupling is small, allowing a perturbative calculation of high energy processes 
to he carried out. At low energies, however, the coupling is 0(1) and perturba-
tion theory cannot he used. This means that other, non-perturbative, methods 
must be used to extract predictions of, for example, the hadron spectrum at low 
energies. 
I 
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1.1 Gauge Theories 
In QCD the quark fields transform as a triplet under SU(3). Consider the La-
grangian density for free quarks 
£ 
The colour coordinates are internal degrees of freedom. The physical observables 
are postulated to be independent of how these phases are chosen i.e. physics is 
invariant under transformations of the form 
	
(x) 	A 1 (x)(x) 	 (1.2) 
but £ is not invariant under these transformations. In order to make £ invariant 
a new field A,(x) must be introduced and the derivatives changed to covariant 
derivatives. £ now becomes 
= 	- rn)b 	 (1.3) 
where 
I' (3 + A,,) 	 (1.4) 
The field A,1(x) = gATa is called a gauge field, g is the gauge coupling constant 
and T' are the generators of the gauge group. The transformation of A, (x) under 
gauge transforms is given by 
A(x) = A 1(x)(31, + A(x))A(x) 	 (1.5) 
The dynamics of the gauge-field are described by the Yang-Mills Lagrangian 
1 
£YM = —.tr(F1 'F) 	 (1.6) 
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where 
= 	- 0A1, + [A11 All 	 (1.7) 
If the gauge field is non-Abelian, as in QCD, then the commutator is non-zero so 
the Yang-Mills action contains cubic and quartic self-interactions of the gauge-
field. The gauge-field may be considered on its own which is called Pure Yang-
Mills Theory 
Covariant differentiation can be introduced in another way. The invariance under 
local gauge transformations is equivalent to physics being invariant under a local 
choice of basis of the colour fields. 
Let 	he a path connecting points x arid y and 0 be any field with colour 
indices. With each path we can associate an 511(3) matrix. Then U(C,)(x) is 
defined to he (x) parallel transported along the curve to y. 
Under a gauge transform the parallel transporter transforms as 
U(C) 	A'(y)U(C)A(x) 	 (1.8) 
Covariant differentiation is defined as follows. If we wish to compare the fields 
at points x and x + dx then because the basis of the fields can he chosen inde-
pendently at each point we must parallel transport the field at x + dx to the field 
x. Because the points are infinitesimally far apart U only differs infinitesimally 
from the unit matrix 
U(C, +d ) = 1 - A/ dx 	 (1.9) 
and 
V(x) = U'(C, +d )(x + dx) - (x) 	 (1.10) 
V(x) = V(x)dx then gives 
V1(x) = ( + A(x) 	 (1.11) 
The transformation law of U(C) gives the transformation law of the gauge-field. 
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The effect of parallel transporting the field q(x) to a point y can be calculated 
by exporientiating 1.9 which gives 
U(y,x) = expfAi (x')dx' 	 (1.12) 
The field strength tensor F corresponds to the curvature tensor in general 
relativity. By parallel transporting around a parallelogram of sides dx and dy 
it is found that 
U(C) = 1 - F/vdx Ld?fi 	 (1.13) 
and the field strength tensor transforms as 
A 1 (x)F,1A(x) 	 (1.14) 
1.2 Path Integrals 
Modern Quantum Field Theory (QFT) is written clown in terms of path integrals. 




(OT((xl )..(xN))O) = (1.15) 
f Doc, h 
where q(x) is a field defined over all space-time and T denotes time-ordering. The 
integration takes place over all possible field configurations. S[O] is the action of 
the configuration (x). 
This integral is mathematically not well defined and is unsuitable for numerical 
simulations. However it can be continued to imaginary time (Euclidean space-
time) where these problems are solved. 
In Euclidean Space the path integral resembles a Boltzman ensemble with parti- 
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tiori function 
z=/v - 	 (1.16) 
where SE[]  is the action in Euclidean space. The probability density is now well 
defined and can be simulated numerically. 
As in quantum mechanics it is possible to do semi-classical approximations; in 
quantum mechanics, if h is assumed to be small then the WKB approximation 
can he used to solve the Schroedinger Equation. In QFT an approximation to 
the path-integral may he obtained in the small h, semi-classical limit. Consider 
Yang-Mills theory, 
=ñtnJ(FF)h 4g2 
The quantity g2h appears in the path integral and it can be seen that the small h 
limit is equivalent to the weak-coupling regime. For h small the Euclidean path 
integral will he dominated by paths that maximise SE[1 i.e. paths close to the 
classical path. An expansion is made around each stationary point of the action 
and to first order the functional integrals are gaussian. 
Consider a particle in I dimension moving in a potential V(x). The energy of the 
particle is given by E = 	+ V(x) and classically it is only allowed in regions 
where E > V(x). In Quantum Mechanics however the particle can tunnel through 
regions where E < V(x). The amplitude for transmission through a potential 
barrier obeys the WKB formula 
T(E) = exp {fa(tx[2rn(v - E)] 21 } 
where —a and a are the semi-classical turning points at energy E (assume V(x) 
V(—x)). This is a semi-classical, weak-coupling, approximation but the ampli-
tude vanishes more quickly than any power of h and hence of g2 and so is not 
seen to any order of perturbation theory. In order for the particle to move in 
classically forbidden regions it would have to have imaginary momentum. This 
can be introduced by rotating the equations of motion to imaginary time t = 'T. 
The energy of the particle now becomes E = 	- V(x) and the particle can 
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now move in classically forbidden regions; tunnelling can be seen as motion in 
Imaginary time. 
The classical tunnelling solution, the centre point of the gaussian integral, is 
called an instanton. The instanton interpolates between x = —a at t = - to 
x = a at t = cc. There will also be anti-instantons corresponding to tunnelling 
in the opposite direction (x = a at t=—co and x = —a at t = cc. Instantons 
are localised objects; to see this consider a potential V(x) such that V(—a) = 
V(a) = 0 and E = 0. For t - cc, x -+ a and expanding the potential shows the 
equations of motion can be approximated by 
d2 T 
a -  x) 	 (1.19) 
and 
a - 	 (1.20) 
The instantons are localised objects, in this case of fixed size 	This lo- 
causation is important. It means that approximate solutions of the equations 
of motion can be constructed from strings of widely separated instantons and 
ariti-instantons. This is the dilute gas approximation; it is assumed that the time 
between tunnellings (the separation of the instantons) is very much greater than 
the time taken to tunnel (the size of the instanton). The transition amplitude 
from one state to another will be given by sums over all possible strings of in-
stantons and anti-instantons connecting to the 2 states. Exactly the same ideas 
can be applied to quantum field theory where the classical solutions of the field 
equations are studied. A fuller discussion of instantons can be found in [3]. 
1.3 Instantons in Yang-Mills Theories 





as r -+ cc. 
Chapter 1. Quantum Chromodynamics 	 7 
This implies that as i' -+ no, A, is a gauge transform of zero. A, therefore has 
the form 
AIL 
= g1 30 + O() 	 (1.22) 7, 
,is r 	00. g is a continuous function of the angular variables only. If the gauge 
group is SU(2) then the function q describes a mapping S3 -+ 53;  a mapping 
from the surface at infinity of space-time onto the sphere S of SU(2). These 
mappings fall into topologically distinct classes; homotopy classes. A member of a 
homotopy class is continuously deformable into any another member of the same 
homotopy class but cannot be conitinously deformed into a member of a different 
homotopy class. Mathematically homotopy is defined as follows[4]. Consider 2 
continuous maps a and c12 from a topological space X to a topological space Y; 
X Y 
(12 : X -* Y 
The map 	is said to be homotopic to the map a2 if a a function F 
F : X x [0, 1] -+ Y, F continuous 	 (1.23) 
and F satisfies 
F(,0) 	i(x) 	 (1.24) 
F(x, 1) = a2 (x) 	 (1.25) 
Each homotopy class is characterised by a unique integer, the winding number 
or topological charge, Q. The winding number can thought of as the number of 
times the space X covers, or winds round, Y. 
The winding number is additive; if g = 9192 with Q j the winding number of gj 
then the winding number Q of g is given by 
Q = Qi + Q2 	 (1.26) 
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The topological charge is defined in terms of a (gauge dependent) current 
= 4 	5tr(A3A8 + AAAs ) 	 (1.27) 
with 
Q = J' 	 (1.28) 
where 	is the normal vector to the surface at infinity. This integral over the 
surface at infinity can also be expressed in terms of an integral over all space by 
the divergence theorem thus 
Q= 2 fd4 xtr 1 	 (1.29) 
where 
IL JP FPU 	 (1.30) 
the dual of F. The quantity 
Q(x) = 	tr 11111, 	 (1.31) 
327 2 
is called the topological charge density. 
The derivation of the instaniton solution starts from the identity 
trfd4 x( i. + 	> 0 	 (1.32) 
Now as 
(F 1, + F)2 = 2(ivFiiv + FpvF v ) 	 (1.33) 
trfd4xFF.> 	 32 2Q 	 (1.34) 
and this gives the inequality 
87F  
S> -HQI 	 (1.35) 
- g2 
The action is minimised i.e. S= -- for (anti-) self dual solutions F,= 
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This gives a set of first order equations which can solved to find the instanton 




X 2 + f) 
where 
g(x) = 	(x4 + ix.(T) 	 (1.37) 
and I XI I = x + x2 The solution is [5] 
A(x) 	 (1.38) 
The gauge-fields can also be expressed in the singular gauge where there is a 
singularity in the gauge field 
- 2 av xv p 2  
A 	
- X2  (X2  + p2) 	
(1.39) 
The Tj symbols are defined by 
	
= 6al,v + 6a/16v4 - 	 (1.40) 
api 	- 811'0 8v4 + 8a,Av4 	 (1.41) 
For the instanton the topological charge density is given by 
6 	p4 
Q(x) = - (1.42) 
2  (x 2  + p2 )4 
p is called the width of the instanton; it is the radius of the region that contains 
half the topological charge of the instanton. The anti-instanton solution is the 
spatial parity transform of the instanton solution. There are 8 degrees of freedom 
of the instanton solution in SU(2); 3 gauge degrees of freedom, the size p and 
the position of the centre of the instanton, xo. 
Classically QCD is scale-invariant hence p is a degree of freedom (in contrast to 
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the 1-d case described earlier where the instantons were a fixed size). Small p 
implies a short tunnelling time and large field strengths, large p the opposite. 
These are the only solutions with Q = 1 in 4-d with gauge group SU(2). SU(3) 
is parameterised by 8 angles (the gauge functions are not a mapping of S3 -* 53) 
hence there are no 5U(3) instariton solutions in 4 dimensions, however the SU(2) 
solutions can he embedded into an SU(2) subgroup of SU(3) and these are the 
ones that appear in QCD. In SU(3) there are 12 degrees of freedom for the SU(2) 
instanton solutions; 1 from the width, 4 from the position of the iristariton and 
7 gauge degrees of freedom. One of the generators of SU(3) leaves the instaritori 
solution invariant. 
The solutions with Q = .1 are the most important topologically non-trivial solu-
tions. The contribution to observahies from solutions of higher winding number 
is exponentially suppressed relative to the contribution from the iristariton solu-
tions. 
1.4 Physical Interpretation 
Iristaritons correspond to tunnelling processes in Mirikowski Space. This tun-
nelling indicates a rich vacuum structure of the gauge theory vacuum . Consider 
pure gauge theory in Minkowski space and with the gauge fixed to Weyl gauge, 
= 0. Vacuum states are those with zero field strength; this implies that 
	
A 	U()aut() 	 (1.43) 
An argument by Callan et al [6] shows that the only functions that need to be 
considered are those with U() -+ 1 as x -+ no. 
Originally U() mapped R3 -~ 33 if the gauge group is SU(2). However the 
restriction U() -+ 1 means that all points x at infinity are identified with each 
other so the mapping becomes 33 	S3 and will fall into homotopy classes. The 
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generic function with Q 	1 is 
g, (Y ) = exp 	 I] 	 (1.44) 
(a 2  + a 2)r 
arid for Q 
(1.45) 
1-lerice there are an infinite number of topologically distinct vacua, called n-vacua 
and denoted jri). 
An argument by Rebbi[7] shows that there is an energy harrier between the ri-
vacua. Consider the class of field configurations 
A?=13A(x) 	 (1.46) 
where /3 is a real parameter 0 < /3 < I and A (x) is the pure gauge classical 
vacuum with ri = 1. For /3 = 0 and /3 = 1, A is pure gauge, but for 0 < /3 < 1 
A? is not a pure gauge. The chromo-electric field pOi  vanishes since A 0 = 0 and 
Aoi  is time independent. But the chromo-magnetic field B = 	k F" will not 
vanish. It can be shown that 
= (/32 - 3) [A(", A.1 ] 	 ( 1.47) 
which is not equal to 0. The energy of the system is proportional to J tr(FF k )d3 x 
and is therefore non zero for 0 < /3 < 1. Varying /3 from 0 	I connects the n = 0 
to the n = 1 vacuum but there is a finite energy barrier between the 2 sectors. In 
the quantum theory there will be tunneling through the energy barrier and the 
true vacuum will be a superposition of all the n—vacua. 
Consider a gauge transform (J with unit winding number 1. Applying U to n) 
gives 
n) 	n+1) 	 (1.48) 
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Gauge invariance of the Hamiltonian implies 
[U,H]=O 	 (1.49) 
hence the true vacuum of QCD must he an eigenstate of U[6][8] Its functional 
form is 
vac) = 	c"'8 n) 	 (1.50) 
where 0 is a real number. These are called the 0 vacua. The effect of U on this 
vacuum is 
	
Uvac) = e io  vac) 	 (1.51) 
showing that the vacuum is an eigenstate of U [6][8]. 
In Euclidean space the classical path describing the tunneling from 0) —* 1) 
is the instanton. The instanton solution has zero energy (the Euclidean Stress 
Tensor vanishes) and can be transformed so that g = I at t = —oo and g = g1 at 
t=oo. 
The tunnelling between the n) vacua in QCD gives rise to the parameter 0 and 
adds a new (CP violating) term to the Lagrarigian 
= iO 	2 FF 	 (1.52) 
32ir 
In the pure gauge theory, if the instantons are sufficiently dilute then the vacuum 
energy density is given by 
E(0) _2K
cos(0)e st 	 (1.53) 
where K is a factor related to the determinant of the fluctuations of the gauge-
field about the background of a single instanton (more about this will be said 
later). 
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1.5 Instantons and Fermions 
Ferrnions are also affected by the existence of instantoris. In particular iristantons 
lead to the solution of the U(1) problem. Consider QCD with 3 flavours of 
massless fermion. The QCD Lagrangian is invariant under chiral rotations of the 
fermion fields. 
'Lf 	 (1.54) 
cbR f  —* URcbRJ 	 (1.55) 
where UL(R) E SU(3). If the quarks are massless then there is also an axial U(i) 
symmetry 
Of 	Of 	 (1.56) 
where cr E 7?. If the U(1) symmetry wer manifest then all hadrons would come 
in parity pairs[9] [10]. If the symmetry were spontaneously broken, as chiral sym-
metry is believed to be, then there would be a ninth Goldstone boson with a 
mass comparable to the in. In nature particles don't come in parity pairs and the 
candidate Goldstone boson, the r,/, is far too heavy. This is the U(1) problem. 
The problem is solved by the existence of instantonis. Consider QCD with one 
massless fermion flavour. The iristanton solutions are again the centre points for 
a semi-classical expansion of the path-integral. In particular the 0 vacua remain. 
Including the fermion fields only alters the factor K in equation 1.53 by including 
a factor det('). The U(1) problem is resolved by the observation that the axial 
current contains an anomaly 
• 5 	N 	- FF 
16in 
'i" 	 (1.57) 
where 
= 	 (1.58) 
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Define the axial charge Q5 as 
Q5 = / d
3xj 	 (1.59) 
Consider 
AQ5 = Q5(t = no) - Q5(t = — no) = 
j( j4 x3p 	 (1.60) 
on a, single gauge configuration. On integration over the fermion fields AQ5 is 
given by 
= /d4 xN f 3tr(S(x,x) 5 ) 
where S(x, y) is the fermion propagator. On any given configuration the fermion 
propagator can be written in terms of the eigenifunctions 	of 
S(x, y) = 	 (1.62) 
If 	A,0 with \ 	0 then '50 is an eigerimode P with eigenvalue -.'\ i.e. 
all non-zero modes come in pairs. If \ 	0 then the chirality of the mode, 
A' = ('''), is equal to zero. Zero modes have no partner and have x 	1 
Hence only zero modes contribute to equation 1.61 so 
AQ5 = 2N f (n - n_) 	 (1.63) 
where +() is the number of right (left)-handed zero modes of. In the instanton 
field the Dirac operator has a single zero mode and 
= 2N 	 (1.64) 
Hence in the background of a single instariton the U(1) current is not conserved. 
Instantons break the U(1) symmetry. 
In general the number of zero modes of the Dirac operator satisfies 
Q = Nf(n - n_) 	 (1.65) 
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where Q is the topological charge of the configuration, and n+(.)  is the number of 
right(left) handed zero modes of P. This is the Atiyah-Singer Theorem [11][12]. 
For a single instantori n+ = 1 and n_ = 0 while for an anti-instanton n+ = 0 and 
ri_ = 1. 
Recall that in the pure gauge theory the vacuum energy density depended non-
trivially on 0. A single massless fermion flavour includes a factor detp in the 
factor K that appears in the energy density of the vacuum and the fermion zero 
mode now renders all 0 vacua degenerate. 
Witten[13] investigated the solution of the U(1) problem in the large N limit. 
In this limit the leading contribution to the vacuum energy from quark loops is 
suppressed by a factor of 	relative to the leading contribution from gluon loops 
[14]. Now suppose that the leading contribution from quark loops to the 0 depen-
dence of the vacuum energy is also suppressed in the same way. The addition of 
quark loops renders the 0-vacua degenerate but how can this contribution whose 
leading order is suppressed by a factor 	cancel out the 0 dependence?. This 
was answered by postulating the existence of a pseudoscalar particle with mass 
oc 	. At N = oo the U(1) current is conserved (the anomaly is suppressed by a 
factor 	and there is a massless goldstone boson, the r,'. At finite N the U(i) 
symmetry is broken and the r' becomes massive through its interaction with the 
anomaly. It has been shown that in this picture the mass of i '  is given by the 
following relation 
Xt 	(Y Q(x)d4x)) = 2j(rn + rrt, - 2rn) 	(1.66) 
)(t is called the topological susceptibility. It is calculated in the theory with no 
quarks i.e the quenched theory whereas the rhs is calculated in the full theory. 
For this mechanism to explain phenomonology 
Xt (180MeV)4 	 (1.67) 
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o is a free parameter in the standard model. Experimental hounds on 0 from 
measurements of the neutron dipole moment make 0 < 10- [10]. The smallness 
of 0 is the strong CP problem. One solution is a massless u—quark this makes 
all the 0 vacua degenerate and CP would be conserved in all of them i.e. 0 	0. 
At the moment, however, it is riot clear if the u—quark mass is zero and the 
strong CP problem is as yet unsolved. 
1.6 Instanton phenomenology 
In QCD the instantoni width p is a free parameter and any calculation of a 
tunneling amplitude must integrate not only over the instanton position but p as 
well; for example the constant K in equation 1.53 will include contributions from 
all sizes. 
For QCD the semi-classical tunnelling amplitude for a single instanton including 
(ilialitum effects has been computed to one loop in [15], It was found that the 
contribution from iiistantonis with sizes between p and p + dp is given by 
I / 	2 \2N 	I ap Sir 	\ I 	Sri 2  
D(p)dp 	pi 	2(I/p/i)) 	
(:Xp 
2(i/) C(i + 
0(
2 ( 1/pi))) 







2  (1 /) 
This gives the result for SU(3) 
(i1N)lni / 1 \ 
3 	Pit 
) (1.70) 
D(p) oc p6 
	
(1.71) 
for small p. For large p the behaviour is unknown. One problem is the behaviour 
of the coupling; as p increases q2P  increases and the one-loop formula is no longer 
valid (the one loop formula diverges for large p). 
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If a true model of the vacuum is to be constructed, the behaviour of large in-
stantons must he included. If instantons are large and their separation is small 
then the dilute gas approximation is invalid; the treatment of instantons as well 
separated non-interacting objects is wrong and interactions must be taken into 
account. Calculations involving mixed instanton anti-instanton configurations 
are highly non-trivial. An instanton anti-instanton pair is not a solution of the 
equations of motion (it belongs to the Q = 0 sector but has action, S > 0) and 
only in the case where the instanton and anti-instanton are infinitely far apart 
will S = 2S, t. 
For large separation the interaction was derived by Callan et. al.[6]. It was found 
that for a well separated instanton anti-instanton pair the interaction is given by 
32rr 2 p2712 
=2 -R
ab7)aiic r/bsI3 RRfl 	 (1.72) 
where Raô is the matrix describing the relative orientation of the instanton and the 
anti-instanton and R is the unit vector from the instanton to the anti-instanton. 
For smaller separations the fields will be severely distorted and the interaction is 
hard to define. Various ansätze have been put forward [16][17]. In all the anistze 
the interaction depends on the orientation of the objects; the interaction can 
either be attractive ( 571 < 2S) or repulsive (Spair > 2Sinst). The probability 
of finding a pair with a particular orientation and separation will depend on the 
action of the configuration and it is expected that instantons will he screened by 
anti-instantons because this will lower the action of the pair and hence increase 
exp ( - Spair). 
Models of the vacuum have been put forward such as the Interacting Instanton 
Liquid Model [18]. In this model the contribution of large instantons is expo-
nentially suppressed by a factor exp (-u4) where 1! 7 in SU(3) and p is the 
average size of the instanton; this weighting renders the integral over p finite 
allowing calculations to carried out. 
A first principles calculation of the properties of the instanton vacuum is a non- 
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perturhative problem. One of the best tools for doing non-perturbative calcu-
lations of QCD is Lattice Gauge Theory. However when dealing with topology 
there are many technical difficulties to be overcome. These are reviewed in the 
next chapter. 
Chapter 2 
Lattice Gauge Theory and Cooling 
2.1 Lattice Gauge Theory 
To carry out a numerical simulation of QCD, the number of degrees of freedom 
must he made finite. Space time is discretised on a finite Euclidean lattice; f dx 
is replaced with a Ex where a is the lattice spacing. 
The gauge fields are represent by link fields U,L(x) which belong to the gauge group 
SU(3) unlike the continuum gauge fields A. which belong to the Lie Algebra of 
SU(3). 
The link field U1,(x) is the parallel transporter from the point x to the point 
x + a,, where , is the unit vector in the t direction. 
[ px-f-a 	 1 
U1  (x) = Pexp [I dz1,.A/L (z)] 	 (2.1) 
In the continuum limit the link variables become 
(it, (x) = 1 - aA1,(x + a) 	 (2.2) 
Parallel transport from x + ari1, to x is given by U, (x). The continuum functional 
integral f VA1, is replaced by ITx,1, f VU. The gauge transformation properties of 
the U's are the same as those of path ordered integrals in the continuum 
LJ1,(x) 	Vt(x)UIL(x)V(x + a 1,) 	 (2.3) 
19 
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A lattice version of the pure gauge action can be constructed using the smallest 
closed loop on the lattice, the plaquette. 
P1LV (x) 	Uli (x)U,J(x + a)U(x + a,,)U(x) 	 (2./i) 
For small a it can be shown that 
RetrP1 , = 3 - 	aTr(Fliii F/iV) + 0(a6 ) 	 (2.5) 





9 2N is defined as = - (for SU(N) gauge theories / = 
The path integral is now amenable to riurerical simulation. The integral is car-
ried out using Monte Carlo methods. A dataset of N gauge field configurations 
{ U} i 	is generated with "importance sampling" so that only those config- 
urations which contribute most to the path-integral are chosen. in particular, 
choosing the configurations with probability density P cx c, an estimator for 
the expectation value of any quantity 0 (such as the instanton size distribution) 
is given by 
0) = 	0(U) 	 (2.7) 
where 0(U) is the quantity calculated on the gauge configuration U. The con-
figurations analysed in chapters 3 and 4 of this thesis were generated using a 
hybrid over-relaxed algorithm. 
2.2 Topological Charge and Instantons on the Lattice 
The topology of gauge fields is trivial on a lattice. This can be seen as follows. A 
topological fluctuation e.g. an instanton must have a core, of non-zero topological 
charge density, and can be characterised by the size, p of this core. In the 
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continuum the instanton size, p can be chosen to be any value and Q = 1,Vp. 
Consider an instanton discretised on a lattice with p >> a. Integrating FE 
over the lattice will give Q = 1. However if p is made small enough the core 
of the instanton will fall between the lattice sites and integrating FF over the 
lattice gives Q = 0. The deformation described above is a smooth deformation; 
the transition from Q = 1 to Q = 0 is a smooth one. All that is left is a 
gauge singularity at the centre of the instanton along with a. necessary gauge 
singularity of opposite winding number elsewhere [19]; the core of the instanton 
has disappeared from the lattice. This is an example of a general result that all 
lattice gauge fields are continuously (leformable into each other. Although there 
is no topology on the lattice, if QCD has a continuum limit then as a - 0, the 
physical continuum topological properties should be recovered e.g. the continuum 
instanton distributions. 
The introduction of a lattice breaks the scale invariance of the theory and the 
action of an instanton will now depend on p. For p >> a, the corrections to the 
instanton action should he negligible and 
¶lattice , 3cont 	 (2.8) 
However if p decreases down to p a then 
3t1CC << 30011t 	 (2.9) 
This suggests a strong relative enhancement of instantons on the size scale of the 
ultraviolet cut-off. Indeed an argument by Pugh and Teper [19] shows that if 





then the instanton size distribution, D(p), and xt will diverge in the continuum 
limit. Lattice artefacts should decouple from the long-distance physics and so 
these small instantons should riot be included in a calculation of Xt  and any 
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measurement of the instariton content of the vacuum. 
The topological charge of each configuration is calculated by integrating the topo-
logical charge density Q(x) over the whole lattice. A discretisation of the topo-
logical charge density can he constructed 
Q(x) 	 (2.11) 
The analysis carried out in chapters 3 and 4 uses the symmetrised form of the 
charge where the sum is over both the forward and backward directions. This 
operator has the correct naive continuum limit, however the operator undergoes 
a. reniormalisation 
	
(Qiatt()) = Z(/i)(Q( , flt) 	 (2.12) 





= 1 - 	+ 0 	 (2.13) 
The relation of the lattice value of the topological susceptibility to the continuum 
value is complicated by an unphysical background term which becomes dominant 
in the continuum limit. Xt, on the lattice is given by [21] 
Xt(Iatt)(Y) 	a4 Z 2(g) 	+ M(g) 	 (2.14) 
Any calculation of topological properties on the lattice will he dominated by 
lattice artifacts. One method used to resolve these problems is to use an improved 
lattice topological charge density operator [21] [22] [23] so that Z(8) is closer to I 
and whose corresponding Xt(latt)  is not dominated by the background term. The 
method employed in this thesis is to remove the lattice artifacts by the technique 
known as cooling. 
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2.3 Cooling 
The cooling method was invented to determine the topological susceptibility or 
the lattice in a way that was not plagued by contributions from localised lattice 
artefacts [24]. 
The problem of applying the discretised topological charge density (equation 2.11) 
is the presence of ultraviolet fluctuations. For small enough lattice spacing these 
fluctuations will take place on length scales much smaller than the length scales 
of physical interest. Therefore if the gauge field configuration was to he locally 
smoothed then the ultraviolet modes would be removed while the physical, long 
distance, topological modes would remain undisturbed. Since locally nninimsing 
the action of a continuum gauge field does not change the topological charge of 
that field, the same should he true for lattice fields up to effects at the scale of 
the cut-off. 
Cooling works as follows. The fluctuations around a link U L (x) are measured by 
the local piece of the action that involves U1 (x) and its nearest neighbours. If 
the link U1 (x) is replaced by a link U(x) such that the action is reduced, then 
the local variations are reduced and the field has been locally smoothed. 
In SU(2) choosing 
(2.15) 
where E is the sum of all the staples around the link under consideration will 
locally minimise the action. 
In SU(3) this does not work because 	is riot an SU(3) matrix. The method Mi  
applied in this thesis (and earlier works [24]) is to update the link matrix by 
multiplying it by a matrix, V, from an SU(2) subgroup. 
U() -~ VU/L(X) 	 (2.16) 
where V is chosen so that within this class of transformations the action is locally 
minimised. In this investigation the contribution of each link to the total action is 
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minimised over all 3 diagonal subgroups and the cooling step employs a red-black 
update. The method described here is the 0 —+ 00 limit of the Cabibbo-Marinari 
Monte-Carlo updating scheme. Carrying out this proceedure for all links on the 
lattice is called a cooling swcep. 
2.4 The effect of cooling on thermalised configurations 
Cooling raises the "effective 1 value" of the configuration; the plaquette value 
becomes closer to 1. After a few cooling sweeps all the ultraviolet fluctuations will 
have been removed and what will be left is a semi-classical configuration; all that 
remains are long range topological excitations. On a configuration after a few 
cooling sweeps Z( 3 jj) = 1 and the unphysical background term that dominates 
the susceptibility goes to zero. The topological charge of the configuration is then 
measured using equation 2.11. 
The cooling curves (S vs cooling sweep and Q vs cooling sweep) for a typical con-
figuration are shown in figures 2.1 and 2.2. During the first few cooling sweeps 
the action drops rapidly, and after many cooling sweeps the action has almost 
plateaued (the decrease in action after many sweeps is very small). The topo-
logical charge of the configuration has settled down to a near plateau after 10 
cooling sweeps. After 10 sweeps the topological charge of this configuration is 
identifiable as Q = 3. The variation in Q with sweeps is a result of a small 
anti-inistantori broadening out presumably as a result of the artificial dynamics 
induced by the cooling and then shrinking and disappearing; the disappearance 
of the anti-inistanton occurs after 38 sweeps where there is a sudden jump in Q 
to Q = 4. What happens during the first few cooling sweeps is unclear although, 
because cooling is a local procedure it should only produce local changes in the 
configuration. This argument is purely heuristic. However, it has been checked 
in both SU(2) and SU(3) by both cooling close together Monte-Carlo configura-
tions and by cooling the same gauge field configuration in a number of different 
ways by altering the order in which the cooling algorithm visits the links. 
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Figure 2.1: 8/11  vs cooling sweep 
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Figure 2.2: Q x (327r2)  vs cooling sweep 
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2.5 The effect of cooling on Instantons 
In the continuum an instanton is scale invariant and is already a minimum action 
solution so ideally on the lattice cooling would not affect a single instanton. 
However, the lattice breaks the scale invariance of the theory and the action 
(charge) of an instanton as measured by summing up the action(charge) density 
will depend on the size of the instanton. An expansion can be made in powers of 
and in general 
	







a  4) 
2 	 (2.18) 
P (P 
Using the discretisatiori of the topological charge operator, equation 2.11 means 
that the topological charge of the configuration is now non-integer. In the calcu-
lation of the susceptibility described in chapter 4, the discretisatiori effects of the 
topological charge of an instanton are corrected for. 
For the Wilson action c < 0 and so cooling will cause individual instantonis to 
shrink (the lower p is, the smaller the action). Eventually the instanton will shrink 
out of the lattice and the topological charge of the configuration will go to zero. 
Very small instantons are unstable under cooling and they will disappear from 
the lattice very quickly. However, large (physical) instantons are stable under 
cooling and take many cooling sweeps to remove from the lattice [25]. One way 
to avoid the problem with small instantons is to cool by minimising an improved 
action as used by de Forcrand et. al. [26]. With this method the gauge action 
is improved so that instanton solutions are made scale invariant up to 0 (-) 
by adding larger Wilson loops to the action. This has the effect of making the 
instantons much more stable under cooling. 
A second problem with cooling is the problem of instanton anti-instanton an-
nihilations. An instanton anti-instanton pair is not a solution of the equations 
of motion; it belongs to the Q = 0 sector of QCD but has S > 0, whereas the 
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minimum action configuration for Q = 0 has S = 0. Minimising the action of this 
configuration will move the configuration towards the unit gauge. The iristanton 
and ariti-instanton will move closer together and annihilate with each other. This 
process will reduce the action and will not change the topological charge of the 
configuration. Thus cooling introduces its own dynamics into the system arid 
will change the system as more and more cooling is carried out, therefore it is 
necessary to do as few cooling sweeps as possible in order to try and reduce this 
problem. 
The behaviour of a configuration under cooling can loosely be divided into 3 
distinct stages. The first stage is the erasing of the ultra-violet modes of the 
configuration leaving behind long distance modes. The second stage is the anni-
hilation of instantons with nearby anti-iristantons. After this stage what will he 
left are large isolated instantoris arid anti-instaritons which will he nearly stable 
under further cooling. 
2.6 Under-relaxed Cooling 
Under-relaxed cooling [27] was used in [28] to study the iristariton content of the 
0(3) vacuum and in [29] to study the iristanton content of the SU(2) vacuum. 
In SU(2) the under-relaxed cooling step is 
U L c(aU + t 	 (2.19) X,IL / 
where a controls the amount of under relaxation and c is a constant to normalise 
the new matrix to be in SU(2). 
Under-relaxed cooling is implemented in SU(3) by changing the Cabibbo Man-
nar cooling update to 
U 	c(a + ut)U 	 (2.20) 
where again c normalises the matrices so that they remain in SU(3) , a controls 
the under-relaxation and ut is the SU(2) transformation that locally minimises 
the action. In this section the effect of under-relaxed cooling is investigated on 











Table 2.1: No of sweeps to remove a /) = 2 instariton 
instanton ariti-instanton pairs and on thermalised configurations. 
The number of under-relaxed cooling sweeps at different values of a cannot be 
compared directly, so to investigate the effect of under-relaxed cooling on, for 
example, instanton anti-instanton pairs it is first necessary to calibrate the cooling 
sweeps. In this study, as in [27], the calibration scale is set by measuring the 
number of sweeps it takes to remove an instanton of size p = 2; this is defined to 
he one calibrated sweep. For the 0(3) model it was found that for a > 2 the final 
topological charge distributions became independent of a after one calibrated 
cooling sweep[27]. 
The instanton is set up on a 16 lattice using the discretisatiori of the continuum 
solution of Pugh[19][30]. The instanton is then cooled until S/S1 < 0.1. The 
number of sweeps taken to remove the instanton at each value of a is given in 
table 2.1 and plotted in Figure 2.3. The plot shows that the number of sweeps 
to destroy a single instanton is linear in a, however I am unable to offer an 
explanation for this behaviour. 
Now that the calibrated sweep has been defined a comparison of different a values 
is made by comparing the number of calibrated sweeps. The number of calibrated 
sweeps is defined as 	where m(a) is the number of cooling sweeps taken 
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Figure 2.3: No of sweeps to annihilate a p = 2 instantori 
to remove a p = 2 at this a value. In all the following plots in this chapter the 
x-axis scale is given in terms of calibrated sweeps. 
2.6.1 Instanton anti-instanton pairs 
The first investigation of the effects of under-relaxed cooling was on instaniton 
anti-iristaniton pairs. The aim here is to see if using under-relaxation increases 
the number of calibrated cooling sweeps it takes to annihilate an instanton anti-
instanton pair. Well-separated instantons were set up on a 16 3 >< 48 lattice. On 
many of the configurations e.g. 2 instantons with p = 2 a distance 6 apart, the 
instantons didn't annihilate (they disappeared separately under cooling) however 
the examples below clearly demonstrate the effect of under-relaxation. 
The first example is an inistanton and an anti-instanton both of size p = 3 set up 
a distance 10 apart. The configuration was cooled and the pair annihilated. The 
action of the configuration is plotted in Figure 2.4 for different values of a. As a is 
increased the number of calibrated sweeps taken to annihilate the pair increases. 
Further information can be gained by examining the peak height (the local max- 
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Figure 2.4: Action vs Calibrated Sweep 
ima in the topological charge density), denoted by Qai,  of the instaritoris. An 
isolated instanton will shrink under cooling and Ql)eak  will increase, while during 
annihilation Qpeai,  decreases. Another check of the effect of under-relaxed cooling 
is to look at the number of calibrated sweeps it takes for the peak height of, say, 
the instanton to start decreasing. This is plotted for the instanton in figure 2.5 
and shows that as a is increased the number of sweeps increases but for a > 1 
the variation is much less. 
The second example is an instanton and an anti-instanton both of size p = 3 set 
up a distance 9 apart. The action of the configuration is plotted in figure 2.6. 
Again it can be seen that increasing a increases the number of calibrated sweeps 
it takes for the pair to annihilate. 
The effects here are quite small, however, the conclusion from these examples 
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Figure 2.5: No of calibrated sweeps for Qpeai,  to start decreasing 
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Figure 2.6: Action vs Calibrated sweep 
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Figure 2.7: Action vs Calibrated sweep 
2.6.2 Under-relaxed cooling on thermalised configurations 
In this section the effect of under-relaxed cooling on thermalised configurations 
is studied. Five 0 = 6.0 163 x 48 lattices were cooled using different levels of 
under-relaxation (a = 0.0, 0.5, 1.0, 1.5, 2.0, 2.5, 3.0) and the cooling curves of the 
configurations were examined. 
The calibrated sweep defined above can also he used on thermalised configura-
tions. Figure 2.7 shows how the action varies with the calibrated cooling sweep. 
On the thermalised configurations the effect on the action of the configuration 
by a calibrated cooling sweep is almost independent of a; for a = 0 after one 
calibrated sweep S = 0.00117 while for a = 2 	
- 
0.00112. This shows that 
si~it Smit 
the equivalent calibrated sweep could have been defined by examining the action 
of the configuration during cooling. 
The first observation of under-relaxed cooling is that it is a gentler cooling than 
full cooling. In full cooling the first cooling sweep generally causes a large jump 
in the topological charge of the configuration while using under-relaxed cooling 
Chapter 2. Lattice Gauge Theory and Cooling 	 33 
Q vs calibrated sweep 
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Figure 2.8: Q vs Calibrated sweep 
gives a far smoother approach to the final value of Q as shown in figure 2.8. 
On three of the configurations there was little variation of the cooling curve with 
a and the final topological charge did not vary. An example of this is shown in 
figure 2.9. 
On the other two configurations the final value of Q did vary with a. These 
results are shown in figures 2.10 and 2.11. 
In figure 2.10 there is a single narrow instanton that at a = 0 broadens out 
whereas for a 0 the instanton disappears. Figure 2.11 shows a case where there 
are two narrow instantons that broaden out when a = 0 and which disappear 
when a > 0.5. This broadening of the narrow instantons is a result of their 
interaction with their environment. They will also affect the environment and so 
their removal by the under-relaxed cooling algorithm means that they will not 
have as much of an effect on their environment as with a = 0. Further for a > 1 
the cooling curves become, almost, independent of a as shown in figures 2.10 and 
2.11. 
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Figure 2.10: Q vs Calibrated sweep: variation with a 
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Figure 2.11: Q vs Calibrated sweep: variation with a' 
This is consistent with the results from the insta,nton anti-instariton pairs above 
where the number of calibrated sweeps to annihilate the pair increased with a'. 
In the thermalised cases the annihilation of the narrow instanton with other anti-
instantons does riot happen fast enough to stop the narrow inistanton disappearing 
under cooling. 
The conclusion drawn from this study is that under-relaxed cooling is a better 
cooling algorithm to use for the study of the vacuum than cooling because it has 
slower annihilations in terms of a calibrated cooling sweep and because it is better 
at removing very narrow, unphysical, instaritons. Further, the independence of 
the cooling curves for a' > 1 suggests using a' = 1 in all vacuum studies as a 
trade-off between gentle cooling and CPU time. In the following chapters, the 
properties of the vacuum are measured between 23 and 46 cooling sweeps at a' = 1 
corresponding to between 10 and 20 full cooling sweeps (a' = 0). 
Chapter 3 
Analysis of the Cooled Configurations 
3.1 Introduction 
After the configurations have been cooled there remains the problem of extracting 
the instantori distributions. Large instanitons will overlap and will he distorted 
through their interactions with each other. Various groups have tackled this 
problem in different ways. 
Chu et. al. [31] measured the size of the inista,ntoni by calculating the correlation 
function 
(x) 	E Q(")Q(x + y) 	 (3.1) 
arid compared it with a convolution of the analytic expression for the topological 
charge (equation 1.42). This was fitted to the lattice data For (x) using a single 
value of p taken to he the average size. Their size distribution was obtained by 
analysing connected regions of the lattice and extracting p from the size of the 
region; two points belonged to the same region if the product of Q(x) at these 
points was greater than the square of some threshold parameter. 
Michael et. al. [29] also examined connected regions of the topological charge 
and action densities. They found all the local extrema in the density and then 
examined them in decreasing order of height. They looked for the connected 
region of sites for which the density is not less than half that at the peak. This 
is then related to the size assuming the continuum instanton formula. 
De Forcrand et. al. [26] first looked for local maxima (relative to the points near-
est neighbours) in the electric and magnetic contributions to the action density. 
36 
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They counted as one instanton, peaks that were separated by no more than one 
lattice spacing along each direction and had also did not include peaks below a 
certain height. Their size distribution was calculated using 5 different definitions 
of the instanton width. 
3.2 A first look at the cooled configurations 
A single (anti-) inistanton in the continuum in infinite volume is self-dual; 
Sir 2 
8= --Q: QH 1 	 (3.2) 
g 
however an instanton anti-instanton pair is not. 
167T 2  
Q 0(3.3) [J 2  
If the pair are very far apart i.e. B >> P1,P2 where f? is the distance between 
the centres, then the fields will be locally self-dual or antiself-dual i.e. 
= +,1(x) 	 (3.4) 
and 




gives a crude measurement of how dilute the instantons are in 
the vacuum. This is plotted against cooling sweep for 10 configurations at = 6.0 
in figure 3.1 and is normalised so that if the configuration is locally (anti) self 
dual then 	 1. This data shows that at the number of cooling sweeps 
considered the cooled configurations are far from being locally (anti)self-dual. If 
it were to he assumed that, at the sweeps considered, it is only instantons and 
anti-instantons that remain then this implies that instantons and anti-instantons 
will be close together and overlapping. 
The first stage of the analysis of the instanton content of the cooled configurations 
is to find all the local maxima and minima of a cooled density. When finding 
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the local extrema, the density at the point under consideration is compared to 
densities on all the points in the surrounding 34  block; comparing the density at 
a point only to its nearest neighbours gives many spurious peaks e.g. on a single 
instanton during cooling, comparing only the nearest neighbours gives 3 close 
together peaks on the instanton while comparing with the 34  block gives only I 
peak. 
3.3 Relation between peak height and width on the lattice 
In the continuum the maximum topological charge density of an instantori is 
given by 	
6 
Qpeak = 	 (3.6) 
irp 
however this formula does not hold on the lattice for small instantons. The 
relation between Qpeak  and p was investigated on the lattice by cooling a single 
instanton on a 16 4  lattice. In the continuum the width of the instanton is the 
radius of the region, centered on the peak, that contains topological charge 1. 
The width of the instanton on the lattice was measured by finding the minimum 
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Figure 3.2: Qpeak  V5 () 
radius around the peak that contained more than half the total charge on the 
lattice not topological charge 1. There is an ambiguity here as a range of 
peak heights will he associated with the same width. The peak height that 
corresponds to that width is chosen to be the lowest one (which will correspond 
to the instanton with width closest to the radius). The data was fitted to the 
form 
6 (1 	a 
(3.7) 
it 	 p 	
/91) 
(The leading order correction to the continuum formula is expected to be 
theterm is to represent all other corrections) and the best fit was a = —1.962 
and b = 1.198. The data and best fit are plotted in figure 3.2 along with the 
continuum result. 
3.4 Comparison of the action and charge 
There are 2 densities that can he analysed to extract the instanton distributions; 
the cooled action density and the cooled charge density. On single instanton and 
very dilute configurations both will be equivalent, however, as shown above, the 
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sweep #peaks Q(x) #peaks 8(x) 
23 168 95 
46 63 46 
Table 3.1: No. of peaks in Q(x) and 8(x) 
cooled configurations are not dilute so which density to analyse is an important 
question. 
This was investigated on 5 0 = 6.0 configurations after 23 and 46 cooling sweeps. 
The first observation is that the number of peaks of the charge density is much 
greater than the number of peaks of the action density although this discrepancy 
decreases as the number of cooling sweeps is increased as shown in table 3.1. 
Plotting the size distribution of the peaks obtained from using equation 3.7 (the 
same formula was used for the action but with the appropriate factor inserted), 
and binning the widths in bins of size 0.5, gives the size distributions shown in 
figures 3.3 and 3.4. Q(x) clearly records more structure than 8(x) especially at 
larger values of p where 8(x) records no structure at all. At 23 sweeps 8(x) 
records no peaks with p > 6 while at 46 sweeps it records no peaks with p > 7.5. 
An explanation for this could be instantori anti-iristanitori pairs ariihilatinig. A 
measurement of the charge would give 2 peaks, (one positive and one negative), 
however, because the action is always positive, it may be the case that this 
situation will only give one peak in the action. 
Note that the size distribution measured from the action also peaks at a smaller 
value of p than that measured from the charge; at 23 sweeps the maximum of 
the size density calculated from the action is at Prnax = 4.5 while the maximum 
of the size density measured from the charge occurs at Pmax = 5.5. The action 
is always positive and so it is assumed that the action density at the instanton 
centre is given as 
Speak = 5inst + $ background 	 (3.8) 
where Sbackground is the contribution from all other peaks in the action, while 
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Figure 3.3: size distribution from 8(x) and Q(x) at 23 sweeps 
because the topological charge has either sign, the correction is assumed to be 
negligible at least relative to the correction from the action. This approximation 
will he improved later in this chapter. Therefore 
Qpeai. 	Qinst 	 (3.9) 
Now assume there is an instanton of width p 	5.5. If equation 3.8 is assumed 
then including the background term, which is taken to be the average action, 
(8(x)), on one configuration, in the calculation of the instanton width gives a 
Ppeak calculated from the action of approximately 4.8 which will he binned in the 
bin corresponding to p = 4.5. The above argument involves many approximations 
but it does explain the shift to smaller sizes of the distribution calculated from 
the action density. Given this large discrepancy in the number of peaks it is 
interesting to see how the peaks in the action and charge are related to each 
other. If the configurations were (locally) self dual then the peaks in the action 
and charge would occur at the same point. A peak in the action and a peak in 
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Figure 3.4: size distribution from 8(x) and Q(x) at 46 sweeps 
sweep #peais 
in 8(x) 
R #peaks with 
- .L charqe  < R 
23 95 0 54 
23 95 2 86 
46 46 0 33 
46 46 2 43 
Table 3.2: Number of peaks in 8(x) that can be indentified with a peak in Q(x) 
the charge are defined to belong to the same object if 
X actjon - Xcharg& 11 < R 	 (3.10) 
The results are given in table 3.2 for R = 0, 2 (R is chosen to be much less than 
than the average size of the instantons) and show that most of the peaks in the 
action can be idenitified with peaks in the topological charge. 
In light of the fact that the action only gives information on small objects there 
is little to be gained from using it to identity large instantons. The analysis that 
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follows uses only Q(x) and riot S(x). 
3.5 Peak Iteration 
The previous results have shown that the cooled configurations are very crowded. 
Because of their interactions the instantons are expected to be distorted. 
Each local maximum (minimum) is assumed to be an (anti-)instanton. The peak 
height of each object will receive contributions from all the other objects in the 
vacuum. In order to get the true width of each object it is therefore necessary to 
disentangle the contributions to each peak of all the other peaks. Each peak is 
treated as a linear superposition of the contributions from all the insta.iitons 
Q(x) 	Qpeak(Pi) + 	sign(i)Qj(x - 	 (3.11) 
where Qpeak  is the lattice corrected formula for the peak freight defined in equation 
3.7 and Q j(x - x, p) is the continuum instanton charge density (eqni.1.42). A 
set of self-consistent widths is then found by iteration. This linearisa.tion is only 
a first approximation (the topological charge densities will riot he additive in 
general) as is the use of the continuum formula for the instanton charge density 
(equation) 1.42 in the subtractions. 
The initial widths are calculated from the initial peak height using equation 3.7 
and the Newton Raphson method. These widths are used to seed the Peak 
Iteration algorithm. The algorithm then proceeds as follows. 
For each peak, calculate an adjusted peak height by subtracting from the 
original peak height all the contributions from every other peak assum-
ing that the charge density contribution from each peak obeys the single 
instanton formula. 
From this adjusted peak height calculate the new width using the Newton-
Raphson method. This new peak height is now used in the subtraction 
of the contribution of this peak to the other peaks. Doing this for all the 
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peaks constitutes a sweep of the algorithm. 
In order to remove some peaks that are just "ripples" in the charge density 
and do riot correspond to instantons, any peak that has the opposite sign after 
the subtraction of the contribution from all the other peaks is removed from the 
procedure and plays no further part in the analysis. The number of peaks thrown 
out by this filter is in general small. For example on 20 /9 = 6.0 16 3  x 48 lattices 
after 23 under-relaxed cooling sweeps at a = 1 where, on average, there are 169 
peaks per configuration this filter did not affect thirteen of the configurations, 
removed one peak from six of the configurations and removed four peaks from 
one configuration. 
The criteria for convergence is 
Pnew - Polcl 
< 0.001 	 (3.12) 
Pnew 
for all the peaks during a sweep. The peak iteration algorithm has converged on 
all the cooled charge densities it has been applied to. 
The final results of the algorithm do riot depend on the order in which the peaks 
are considered. This was checked by randomising the order in which the algorithm 
was applied to the peaks. In particular, the peaks frozen out by the algorithm 
do not change with the random ordering. 
In order to see the effects of the algorithm it is useful to define 




Figure 3.5 shows the number of peaks that have a relative change Sp averaged 
over 20 /9 = 6.0 16 3  x 48 lattices after 23 sweeps. This shows that the effect 
of the iteration procedure is riot overly substantial; many final widths have not 
been moved very far from their original values. Figure 3.6 plots (Sp) against Pfinal. 
The points with (Sp) = 0 are points where there was no Pfiia1  in that bin. This 
plot shows that in general a larger Pfinal  of the peak corresponds to a larger (Sp). 
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Figure 3.5: N(8p) VS f) 
This can he explained as follows. Subtracting a small constant c from a peak 
causes a relative change Sp 'x 	the effect on p of subtracting the constant 
will therefore increase as Porig  increases. 
3.6 Filtering the results 
Assuming that the topological charge of each configuration is carried solely by 
iristaritons then 
= 	1 
2 f d4 xF1 (x) 	(x) = 	- n7 	 (3.14) 327r 
where mj is the number of instantoris and ny is the number of anti-instantons in 
the configuration. Assuming each peak found in the charge density is an (anti-) 
instanton and comparing flj - nj to Q shows a large discrepancy. Calling each 
peak an instanton is therefore wrong and a way must be found of deciding which 
peaks correspond to instantons and which peaks are just fluctuations. Define the 
error S as follows 
S = (Q - (n - nj)) 	 (3.15) 
S for the 13 = 6.2 data is shown in table 3.3. 
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Table 3.3: 8 vs cooling sweep for i = 6.2 
Note that the discrepancy is very large. Secondly, note that as the number of 
sweeps increases 8 decreases. This is to be expected as the further the config-
uration is cooled the smoother the configuration will be. Finally if our pattern 
recognition was perfect Q = nj - n. Filters are therefore imposed to reduce 8. 
The first step in this procedure is to correct Q to take into account the discreti- 
sation errors from small instantons. Recall that measuring Q using 	does 
not give an integer value as it would do in the continuum. This is a result of 
discretisation errors. In order to quantify these errors a single instanton is discre-
tised on a 16 lattice (finite volume effects are not expected here as the instanton 
width is small compared to the lattice size) and cooled down. The data is plotted 
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Figure 3.7: Q(p)  vs p 
in figure 3.7. The data is fitted to 
Qfit(p) = 1 + 	+ 	 (3.16) 
and the best fit is a = —0.413 and b = —9.956. This function will fail for small p, 
at small enough p equation 3.16 will give Q < 0 for an instanton. We therefore 
impose that the charge of an instanton is 
Q(p) = Qfit(p),p> 2: Q(p) = Qflt(2),p < 2 	 (3.17) 
On each configuration Q is calculated from FP, corrected using equation 3,17, 
and finally rounded to the nearest integer. This is what is now used in the 
calculation of 8mjfl,  Correcting the charge of the configuration using this function 
gives lower values of Sj-  than not correcting using this function. 
After this calculation was completed it was noticed that the charge used in Q(p) 
had not been fixed in the same way as the peak height in the measurement of 
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Qp.ak(p) (the charge taken was the lowest charge at that radius as opposed to the 
highest one as it should have been). Fitting the new data to the same functional 
form gives a = —0.65 and b = — 5.344 in equation 3.7. It has been explicitly 
checked that this makes no significant difference to the topological susceptibilty 
and the behaviour of the instanton distributions e.g. spatial distributions, charge 
correlations etc. remains the same. 
3.7 Filter 1: Comparison of widths 
So far p has been calculated from the corrected peak height of each instanton. 
In the peak iteration algorithm it has been assumed that all the instaritonis are 
spherically symmetric and the charge density is described by the continuum in-
stanton formula 1.42. The first filter that is applied is to examine how well each 
peak resembles a continuum instanton. In order to do this it is necessary to define 
the width in another way. A second width is defined by examining the charge 
contained within a radius R of the center of the instanton. 
In the continuum, the charge within a radius H can be calculated analytically 
Qcorit(X <H) = I - 3y2 + 2y3 	 (3.18) 
with 
(3.19) 
On the lattice for small p there are corrections to this formula and as before 
these are calculated by cooling an instanton on a 16 lattice. The corrections 
were calculated for R = 2 and R = 3 and are plotted in figures 3.8 and 3.9. The 
width calculated from the charge within a radius 2 of the centre of the instanton 
is denoted P2  and within a radius 3, p. 
The lattice formula was fitted to 
Qiatt(X <R) = 	< R) + -
a 	b 
+ - 	 (3.20) 
P 
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Figure 3.8: Charge within I? < 2 for asingle instautori 
The functional form of the corrections is heuristic; a more theoretically motivated 
Functional form is 
Q att ( 	< H) 	 <R)(i + 	 (3.21) 
The results are given in table 3.4. Our corrections do not work for p < 3 and 
R a 
2 0.4417 -2.576 
3 0.204 -2.920 
Table 3.4: Best fits for charge within a radius R 
also cannot find a width for peaks with too high a topological charge in the 
region; the fits do not give sensible results. However, this is not a problem as 
small instantons are distinct and there will be no problem identifying them and 
in these cases PR  15 set to be Ppeak. 
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Figure 3.9: Charge within R < 3 for a single instanton 
For large p our corrections also do not work. In the continuum, as p 	no then 
1 	
(3.22) 
and the corrections go as . Therefore for large p the corrections calculated must 
not be used as these will dominate the calculation of PR  from the Q(x < I-?). 
The final function used is then 
Q(x < H) = Q0(H < H) 
+ ( + 	
0(—f) - ) 	(3.23) 
Each peak now has at least 2 widths associated with it and for the peak to be 
called an instanton the widths must sufficiently agree with each other. 
The algorithm calculates Q(x < R) for each instanton. It subtracts off the 
contributions to Q(x < R) from all the other peaks assuming they all obey the 
continuum instanton formula and from the corrected quantity calculates PR 
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The consistency is then defined as follows; the peak is an instariton if 
Max 
 ( , 	
) - I <r 	 (3.24) 
P PR 
where is a parameter that must be fixed. 
3.8 Filter 2: Spatial Filter 
If the instantons are very large it is possible that as well as the peak at the centre, 
the inistanton will also have extra. "ripples" on it. These extra "ripples" will give 
extra peaks in the pattern recognition algorithm and contribute to the error S. A 
"spatial filter" is imposed on the charge density to remove some of these spurious 
peaks. 
A peak is discarded from the distribution if all the following conditions aresat-
isfied. 
I. The nearest neighbour to the peak under consideration has the same sign 
and has not already been removed by this filter. 
The width of the peak, Ppeak,  and the width of its nearest neighbour, Pc!osest, 
are both greater than some Pcut. Ppeak and Pclosest  are the widths calculated 
from the corrected peak height. 
C(f)peak + pciosest) > 11peak - ic1osest 
The algorithm moves through the lattice in a random order so the peak removed 
by this algorithm is effectively chosen at random. 
Condition 2 follows from the fact that this filter is only wanted to apply to broad 
instantons; small instantons will be distinct and should not need filtering by this 
method. Condition 3 looks at the distance between the peaks and compares this 
to a criterion based on the widths of the objects under consideration. The filter is 
based on the widths for the following reason. Suppose there were two like peaks 
a distance 7 apart. If the peaks had p = 5 then it is unlikely that one peak was a 
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fluctuation on top of the other but if both peaks had p = 9 then it is much more 
likely that one is just a "ripple" on top of the other. 
This filter has two parameters that must again be fixed; P'u  and c. Making c a 
parameter to be fixed rather than setting it to be say 1  allows lower values of S. 
3.9 Choice of Filters 
The filters are applied to the cooled charge densities in the following order 
The spatial filter is applied for a particular value of Pcui  arid c. 
The width filter is then applied for a particular value of c. 
The data was generated for the p2  filter and the cp3 filter. Another width filter 
denoted P2 + f)3 is also considered. With this filter a peak is an inistanton if 
Max ( ±_) - i + Max (, ) - 1 < 	 (3.25) 
P P2 	 1' P3 
In order to avoid a configuration dependent filter 8 is minimised over all of the 
configurations considered. In this study for each /3 value, sweep and volume, 8 
was minimised over a subset of 20 configurations. 
3.10 Consistency Check 
The spatial filter throws out peaks on the basis of their width and their distance 
apart. As well as throwing out ripples on the instantons it may also be throwing 
out "real" instantons as well. It is therefore necessary to have an estimate of 
the number of "real" instantons thrown out by the filter. If this number is small 
then there is not a problem. However if this is not the case then the filter is 
itself introducing another source of error. The aim of this method is to estimate 
the number of times the filter has mistaken two nearby instantons as a single 
instanton and a ripple. 
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The number of instantons thrown out by the spatial filter is estimated using a 
Monte-Carlo technique. The data is first filtered using the filters that minimise 8 
for the data set considered. Any peak that passes all the filters is now counted as 
an instanton. After filtering the data, all remaining peaks are placed randomly 
on the lattice. The space filter is then applied and the number of peaks thrown 
out by it is calculated. This process is carried out 500 times and the results 
averaged. 
This method is only an estimate of the number of "real" instantons thrown out by 
the filter; it will overestimate the number of real instantons thrown out because, 
as shown in Chapter 4, there is a tendency for instantons to sit close to anti-
instantons in the vacuum. This means that the probability of an instantons' 
nearest neighbour being another instaniton is less than the probability of the 
nearest neighbour being an anti- instaritori. Further, close together like pairs are 
suppressed. In this method of estimating the error no such effects are taken into 
account. 
3.11 Example : 13 = 6.2 
This section gives an example of the application of the above methods and ex-
amines the effects of the filters. The data set considered is the 0 = 6.2, 2448 
lattice after 23, 32 and 46 sweeps. 
6 was minimised over a subset of 20 configurations. Care must taken however, a 
global minimum of 8 does not always give the best filter to use. As an example 
of this consider the data for 3 = 6.2 after 32 sweeps. Minimising with respect to 
the P3  filter gives the following values for the best filters 
sweep 6 Pcut 8mim 
32 0.46 6.04 0.55 3.50 
1 
In this case the model estimate of the number of instantons that are thrown out 
by the spatial filter are 
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sweep #removed by spatial filter model estimate 
32 54.15 48.83 
The estimate of the number of instantoris thrown out by the values corresponding 
to the next lowest minima with a lower value of c (the values quoted in table 3.6) 
gives 
sweep #removed by spatial filter model estimate 
32 11.97 11.23 
and shows that in this case the estimate of the systematic error induced by using 
the values that globally minimise 6 is much greater than the estimate for the 
second set of filter values. The rather high estimate of the number of instantoris 
thrown out by this algorithm with these parameters is an artefact of the low 
Value. 
In general, therefore, a trade off is made between a slightly higher value of 6 and 
a lower value of c. The final criterion is that the filter used is either the one that 
gives the lowest value of 6 or the values that give the next lowest rniiiima with a 
higher cut factor and a lower 	than that which gives Srnj. 
The values taken for the filters and 6rnjfl  are giver! for P2  in table 3.5, for P3  in 
table 3.6 and for P2 + p3 in table 3.7. 
sweep 6 PcUt  c 6min 
23 0.27 7.8 0.3 4.40 
32 0.20 6.83 0.25 3.55 
46 0.11 9.31 0.20 2.25 
Table 3.5: Filters for /3 = 6.2 : P2 filter 
Note that, in general, the final S value is very much less than the starting value; 
imposing the filters has significantly decreased the discrepancy as can be seen by 
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sweep €P r u t( 
23 0.62 7.60 0.3 3.65 
32 0.46 6.83 0.25 3.85 
46 0.24 7.18 0.20 1.90 
Table 3.6: Filters for 13 = 6.2 : P3 filter 
sweep ( Pcut ( 
23 0.99 7.60 0.25 4.15 
32 0.72 6.83 0.25 3.15 
46 0.38 7.18 0.20 2.057 
Table 3.7: Filters for / = 6.2 :1)2 + p3 filter 
comparing with table 3.3. Further in general S decreases with sweep value. With 
the P3  filter at 32 sweeps the rise in S is a result of not choosing the filters that 
give the global minimum of S. Further as the number of sweeps is increased the 
value of E decreases. This is expected; as the configurations are cooled further, 
more and more instantons will annihilate with anti-instantons and the instaritons 
left behind will be less distorted. c for the P3  filter is always greater than for the 
P2; this may indicate that further from the instanton core the instaniton is more 
distorted. 
These filters were calculated over a. subset of 20 configurations at 13 = 6.2. They 
are now applied to all the configurations. This can be justified by looking at the 
6 value from using these filters on all the configurations. As an example after 
23 sweeps at 0 = 6.2 with the P2  filter imposed S over all 100 configurations is 
S = 4.78, riot much higher than the value of 5min  quoted in table 3.5. 
The effect of the filters varies with the sweep value. Table 3.8 shows how many 
peaks are thrown out by the filters at each sweep value averaged over all 100 
= 6.2 configurations. 
The model estimate of the number of "real" instanitons thrown out by the different 
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filters for this data set are shown tables 3.9; note that for this data set the estimate 
of the number of instantons lost is always less for the P2  filter than for the others. 
The large estimate of the number of peaks thrown out by the filters at 32 sweeps 
is a results of the relatively low values of p.  At 46 sweeps the same is true for 








P2 + P3 
23 540 494 497 498 
32 302 27'1 274 274 
46 164 151 150 151 
Table 3.8: No of peaks before and after filter /3 = 6.2 
The effects of the filter are shown by examining the size distribution. The size 
distribution is plotted in figure 3.10 for 20 configurations at 3 = 6.2 after 23 
sweeps with both the filtered (using the P2  filter) and unfiltered data. It shows 
that tire filters are mainly affecting the larger instantons. This behaviour is found 
on all data sets and is expected; it is the large instantons that axe expected to 
be the most distorted as they will overlap with other instantons. 
In view of the smaller value of c imposed by the P2 -filter it is only the results 
of this filter that are quoted in the next chapter. However the physics does riot 
greatly change with the filter. As an example of this the size distribution (in 
lattice units) at 	= 6.0 after 23 sweeps is plotted in figure 3.11 and after 32 
sweeps is plotted in figure 3.12. This shows how the mean size of the distribution 
and the tail of the distribution are riot much affected by which filter is used 
(within statistical errors). 
3.12 Comments on Filters 
This chapter has described the filters that were developed to analyse the insta.nton 
content of the cooled configurations. The whole analysis of the vacuum described 
here is based upon the semi-classical picture of instantons in QCD; whether this 
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sweep filter #rernoved by spatial filter model estimate 
23 P2 9.44 3.05 
23 [)3 12.97 4.33 
23 P2+P3 8.91 426 
32 P2 1L82 11.15 
11.97 11.23 
32 P2+P3 11.82 12.43 
46 P2 0.82 0.31 
46 p3 1.8 2.22 
46 P2+P3 1.8 2.33 
Table 3.9: model estimate of "real" instaritoris lost by filter 
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Figure 3.10: Filtered and unfiltered size distribution 13 = 6.2 
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Figure 3.12: Size distribution / 	6.0 : 32 sweeps 
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is the appropriate way to view the QCD vacuum is an open question[32] and will 
depend on the details of the instanton distributions [16] 
The peak iteration algorithm has assumed a linear superposition of the topo-
logical charge densities of instantoris and anti-instantons. This is only a good 
approximation if the iristantons are dilute i.e. (p) << (H) where (p) is the aver-
age size and (R) the average separation. However the results of chapter 4 show 
that this is not the case and the peak iteration algorithm may be improved by 
trying to (at least partially) correct for these distortions. 
The width filter that was applied to the data also assumes that all the instaritoris 
are (nearly) spherical and the distortions minimal. The filters are imperfect; the 
fact that S 	0 shows this. It may he possible in the future to find better pattern 
recognition algorithms that will reduce ( further and also rethic.e the number of 
"real" insta,ritons that are removed by the filter as well. it may also be possible 
to develop a better estimator of the number of "real" iristantons thrown out by 
the algorithm as well. The estimator does, however, give a criterion for deciding 
oii. which filter values to use. 
One final point. The techniques that are described in this chapter were devel-
oped as the calculation progressed; a future calculation would use, for example, 
more theoretically motivated fit functions for the filters. However this in no way 
detracts from the results of the methods presented here. 
Chapter 4 
Structure of the QCD vacuum 
This chapter applies the analysis techniques developed in the previous chapters 
to elucidate the structure of the SU(3) vacuum. The cooled vacua are studied 
for 100 24 x 48, 1 = 6.2 configurations, 100 16 >< 48,/3 = 6.0 configurations and 
50 32 3  x 64, 0 = 6.0 configurations. 
The question of at what level of cooling the data should be analysed is a difficult 
one. Ideally the cooling should be stopped before it changes the distribution. 
However in practice the cooling will continually change the distribution until all 
that is left are very isolated instantons. At this stage the distribution will riot 
change much with cooling but it will have little to do with the original distribution 
in the hot configuration. In [28],the number of cooling sweeps at each /' value 
was chosen to be the number of cooling sweeps it took to return a thermalised 
single instariton to a cold single instanton at each fl value. 
In this study, the data is analysed at a number of different sweeps in order to 
watch how the distributions vary during the cooling. This study uses under-
relaxed cooling with a = 1. The 0 = 6.2 data was analysed at 23,32 and 46 
cooling sweeps and the small volume 0 = 6.0 data was analysed at 23, 28, 32 and 
46 cooling sweeps. A finite volume study is carried out by comparing the small 
= 6.0 volume with the large 0 = 6.0 volume after 46 sweeps. 
All errors in the chapter were estimated using the Jackknife method except the 
errors quoted on the fits to the size distributions which were estimated using the 
Bootstrap method. 
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Figure 4.1:: /3 = 6.2 
The values of the string tension are taken to he aVIK = 0.22 at /3 = 6.0 and 
as/i? = 0.16 at /3 = 6.2 [33]. 
4.1 Size Distribution 
The size distribution is plotted in figure 4.1 for the /3 = 6.2 data with the P2  filter 
implemented. The data from the /3 = 6.0, 1648 lattices are shown in 4.2 again 
with the P2  filter imposed. 
As found in all other calculations, 	rises steeply to a, peak and then falls off. 
The number of peaks varies rapidly with cooling as shown in table 3.8, however 
the average size of the instantons, (p),  does not vary so much as shown in figure 
4.3. 
The distributions are peaked around p 	although as the configurations are .  
cooled further the peak and the average size move to larger values of P. In [34] 
it was found that Ppeak 	0.6frn which is slightly larger than, but still consistent 
with, the values quoted here. 
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The impact of a cooling sweep does not scale. The cooling sweep implemented 
here only depends on the links that form the plaquettes of which the link under 
consideration is a member. The influence of a particular link will only spread 
\/a during every cooling sweep and so it will take longer for information about 
a particular link to travel the same physical distance at a higher /3 value. This 
makes the analysis of the scaling somewhat more complicated. 
Figure 4.4 shows the size distributions for /3 = 6.2 arid /3 = 6.0 after 23 cooling 
sweeps. Obviously the distributions do not scale although the tails of the distri-
butions are more similar. However, comparing the size distributions at different 
levels of cooling does give (approximate) scaling behaviour, as shown in figure 
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Figure 4.4: Vdp  at 23 sweeps, /3 = 6.2 and /3 = 6.0 
least the tails of the distributions will scale. The /3 = 6.2 data after 46 sweeps 
is much closer to the /3 = 6.0 data after 28 sweeps however there are some dis-
crepancies; for p < Ppeak, the /3 = 6.2 data lies below the /3 = 6.0 data. A more 
careful tuning of the number of cooling sweeps may yield an even better scaling 
behaviour for the distributions. 
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Figure 4.5: 	at 23 and 28 sweeps at fi = 6.0 and 46 sweeps at / = 6.2 
The small p distributions were fitted to a power law and the results are shown in 
table 4.1. The fit ranges are given in terms of the string tension. As explained 
in chapter 1 it would be expected that for small enough p D(p) Oc p)•  The 
distributions here do not show this behaviour. The p6 behaviour is only true 
for very small p where it is expected that cooling will have a large effect on 
the underlying iristantori distributions (cooling will remove instantons with p = 
0(a)). Further, for larger values of p the logarithmic corrections may have an 
effect as well so the fact that the distributions do not show the p6 behaviour over 
the fit ranges (where p is not particulary small) is not a problem. For the small 
p distribution there is no stability of the distribution with respect to cooling. 
However, the trend is that the smaller the lattice spacing and the smaller the 
number of cooling sweeps the higher the power is. What is needed to further 
investigate these trends is another calculation at a smaller lattice spacing. 
The large p tails of the distributions were fitted to both power and exponential 
functions. It was found that they are also best modelled by a power fall off. The 
results for the P2  filter are shown in table 4.2 and plotted in figure 4.6. The fit 
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/1 sweep I 	range a :2 /dof 
(L0 23 0.44-0.77 3.29 1.18 
(L0 28 0.44-0.99 3.1i 0.83 
(LU 32 0.44-0.99 2.$1t 1.82 
(LU 46 0.44 	0.99 2.50+0.09_ ill 0.68 
6.2 23 0.48 0.80 6.86 	0. 0.52 
6L2 32 0.48-0.88 11  1.24 
(L2 1 46 0.48 	0.88 4.60 1.55 
Table 4.1: Best fits to small p distribution 
B sweep range a N 2 /d0f 
(LU 23 1,43-1.87 -t1.9Ut 1.15 
6.0 28 1.54-+2.09 -11.68 0.92 
(LU 32 1.54 	2.09 -i1.78t 0.48 
6.0 46 1.65 _1.87 0.83 
6.2 23 1.2 	1.52 -12.49j 1.51 
6.2 32 1.36-1.68-12.34 17 1.60 
6.2 46 1.44-2.0 -i 1.79t 1.14 
Table 4.2: Best fits to tails of distribution 
ranges are again given in units of the string tension. In general for large p the 
distributions fall off very fast. There is little variation of the best fit between 23 
and 32 sweeps at f5 = 6.2. Comparing /3 = 6.2 after 46 sweeps and 3 = 6.0 after 
23 and 28 sweeps shows the best fits agree within errors over the same physical 
range (as expected). If it was assumed that the instanton distribution obeyed the 
semi-classical formula and the gauge coupling g(p) stopped running above some 
value Prnax  then the size distributions would obey 
D(p)dp o( dp 
	
(4.1) 
The best fits above however indicate a much sharper cut-off than this. 
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Figure 4.6: Best fits to tails of distributions 
4.2 Spatial Distributions 
The instanton spatial distributions were calculated by counting the number of 
(un)like charges in the spherical shell of width dR a distance R away from each 
object. The distributions are then normalised by the volume of each shell. 
The first distribution examined is the like charge distribution. The results are 
plotted for 9 = 6.2 after 23 sweeps in figure 4.7 and at /3 = 6.0 after 23 sweeps in 
4.8 , both with the P2  filter imposed. The distributions are also normalised so that 
the maximum of the distribution is equal to one. The plots show the distributions 
are suppressed at short distances (there are very few instanton instanton pairs) 
and uniform at long distances. The suppression at short distances also occurs on 
the unfiltered data and so is not a product of the filtering pro ceedure. 
The unlike distributions are plotted for the same data sets in 4.9 and 4.10. These 
plots show an amplification of unlike pairs close by each other. This is expected; 
the action of an annihilating pair will be less than the action of a well separated 
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Figure 4.7: dN(1ik )
dR 	
after 23 sweeps at /3 = 6.2 
in the like case the distribution is uniform at long distances. Note that in the 
/3 	6.2 there is a dip in the spatial distribution near R 	.. This corresponds VI 
to a small amplification of like objects at this distance as shown by figure 4.7. The 
same dip is seen in the /3 = 6.0 data near R = 	. The mean distance to the VIT 
nearest like and unlike neighbours is plotted against cooling sweep for both the 
/3 	6.2 and /3 = 6.0 data in figure 4.11. The results show that at all the sweep 
values considered, unlike objects will on average sit closer to each other than like 
objects, as expected. Further as cooling proceeds the distance between objects 
increases. This is presumably a result of nearby instantons and anti-instantons 
annihilating each other as a result of the cooling. 
4.3 Validity of the dilute gas approximation 
The behaviour shown by the size and spatial distributions calls into question the 
assumption that the vacuum is dilute i.e. that the average size of the instan-
tons is much less than their separation. The Interacting Instanton Liquid model 
assumes that instantons have an average size of j frn and 	; the results 
here give y 
	1 and imply that a dilute description of the iristanton vacuum is 









dN(like)/dR vs R: =6.0 23 swe 
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(1ik ) Figure 4.8: ciNdR 	after 23 sweeps at I = 6.0 
questionable. The same conclusion was reached in [34]. 
It is interesting however to investigate if the dilute gas approximation does hold 
in some regime. The dilute gas approximation assumes that the distributions of 
instantons and anti-instantons are independently poisson. 
(mrr,nf (?nrnri 	
(4.2) P(n j , n1) 
where rn = 	In this approximation it can be shown that 
>=< nI+72j> 	 (4.3) 
On each configuration Q is calculated by integrating the topological charge den-
sity and then corrected using equation 3.17 for all peaks that have been identified 
as instantons. The results for the = 6.2 are shown in 4.3. It is obvious from 
this table that the instanton vacuum does not obey the dilute gas approxima-
tion; even in an approximate sense. However the dilute gas approximation may 
hold for instantons below a certain size. In order to investigate this the following 
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Figure 4.9: dN(um1ik) 	 - after 23 sweeps at / = 6.2 
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Figure 4.11: Mean distance to nearest (uni)like neighbour 
sweep <Q2 > 
23 18.08 494 
32 16.41 274 
46 15.92 151 
Table 4.3: (Q2) and (n + n1) 




\ N(p < pcut) / 	
(4.4) 
where N(p < Pcut) is the number of instantons of size p < Pe and Q(f) < Pcut) is 
the charge carried by them. The results are plotted for / = 6.2 data at 23 sweeps 
in figure 4.12 and 46 sweeps in figure 4.13. 
The plots show that for small Pcut  the distribution does approximately obey the 
dilute gas approximation, P(p) 	1. For large Pcut  the behaviour is given by 
the ratio of the results in table 4.3. However, when Pcut  is close to the peak in the 
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Figure 4.12: P(p,1 ) vs Pcut : fl = 6.2, 23 sweeps 
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Figure 4.13: P(p) VS Pcut : 0 = 6.2, 46 sweeps 
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Figure 4.14: P(p11 ) vs Pcut : f3 = 6.0, 23 sweeps 
size distribution there is a large peak in P(p). Note as the cooling continues 
this peak monotonically decreases as shown by comparing figures 4.13 arid 4.12 
indicating that this is not an artefact of the cooling proceedure. This behaviour 
can also he seen on the f3 = 6.0 data as shown in 4.14. Note however that the 
peak of P(p) at fl = 6.0 after 23 sweeps arid also after 28 sweeps is within errors 
of the peak of P(p(It) at 13 = 6.2 after 46 sweeps arid the values of Pcut  of the 
maximum in physical units are within 10% of each other (to the accuracy they 
were measured). Further, the peak heights agree with each other within errors. 
This is, again, evidence with the observation that although the impact of the 
cooling sweep does riot scale with 0, the amount of cooling can be tuned so that 
the distributions (approximately) scale. 
4.4 Correlations among the charges 
The previous sections have shown that the vacuum is not dilute. Further it has 
been found that P(p) > 1 for p < Ppeak and P(p 1 ) << 1 for p >> ppcak.T11e 
behaviour of P(p 1 ) implies that as Pcut  is increased there is a large fluctuation in 
Q2(p <pcut). This is shown for 0 = 6.2 in figure 4.15 and for 0 = 6.0 in figure 4.16 











I 	 I 	I 	I 	I 
I 	
I 	I 	I 	I 	I 	I 	I 	I 
- Q2(p<p) vs p,,t P=6.2: 23 sweeps 
H 
X 
I 	I 	I 	I 	I 
0 	5 	10 15 	20 
pt (a) 
Figure 4.15: Q 2(p < p) vs Pcut : 13 = 6.2, 23 sweeps 
both with the P2  filter imposed. As cooling is increased the height of the peak 
decreases indicating that this effect is not an artefact of the cooling proceedure; 
it is not being amplified by further cooling. The peak in Q 2(p < p) is very 
much greater than the average Q 2  of each configuration. The data indicates that 
there is a tendency for small iristantons to have one sign and larger instantonis 
to have the opposite sign; if only instantons with size p < PCut with Pcut < Ppeak 
are considered then there is a large excess of topological charge which is then 
suppressed when larger iristantons are included. This is investigated further by 
calculating 
	
C(p) = (sign(Q).) 	 (4.5) 
where q(p) is the topological charge carried by objects of size p and n(p) is the 
number of objects of size p on all configurations with topological charge Q 	0. 
The results are shown for 0 = 6.2 in figure 4.17 and for 0 = 6.0 in 4.18, both 
with the P2  filter imposed. 
Note the size at which the change from correlation with Q to anti- correlation 
with Q takes place almost scales (after the appropriate tuning of the cooling). 
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Figure 4.16: Q 2(p < p) vs Pcut : /3 = 6.0, 23 sweeps 
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Figure 4.17: C(p) vs p : /3 = 6.2, 23 sweeps 
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Figure 4.18: C(p) vs p : /3 	6.0, 23 sweeps 
At /3 = 6.2 after 46 sweeps C(p) 	0 with p 	while at /3 = 6.0 after both 23 
and 28 sweeps C(p) 0 with p ,777 
The plots show that the charge carried by the small instantoris is correlated with 
the overall topological charge of the configuration and anti-correlated with the 
charge carried by the large instantons. The implication from this is that the large 
instaritons are over screened by small instantons of the opposite sign; i.e a large 
instanton has more than one small instanton of the opposite sign close by it. 
For each instanton the quantity Nsane - 	is calculated , where Name is the 
number of instantons of the same charge as the reference instanton, less than a 
distance R away from the reference instanton, and with size in the range Pmin 
P <Pmax, and N0 defined in the same way for the opposite charges. Nsame - N,,pp  
is binned against the size of the reference instanton Pref  Exact screening of each 
charge would give N-ame N0 = 1; Nsanie N0 < — i indicates overscreening. 
Figures 4.19 and 4.20 show Nsame - N0 with prnn 0, Pmax  cc and R = 
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N 16 - N0 ,no cuts =6.2 :23 sweeps 
<x III  
5 	 10 
Pret (6) 
Figure 4.19: Narne - N )1) vs Pref : /3 = 6.2 23 sweeps : no cuts 
there is more than one anti-iristariton). Note that as the configurations are cooled 
further the overscreening effect disappears. 
In figures 4.21 and 4.22 PlilirL = 0 and Pmax  is taken to be the point where C(p) = 0. 
At /3 = 6.2 at 23 sweeps Prnax=  6.0 while at 46 sweeps Pmax = 8.0. (in lattice 
units). The results are shown for three different values of R at 0 = 6.2 after 
23 sweeps in figure 4.21 and after 46 sweeps in figure 4.22, both with the p2 
filter imposed. 	These plots show that very large instaritons are overscreeried 
by nearby anti-instantons. After 23 sweeps, for small Pref INsame - 	is close 
to zero. As Pref  in increased Nsame - N0 decreases until for p > 8 and R > 8 
Narne - N0 < —1. At 46 sweeps for H> 8 and Pref > 8 Nsame - N0 < —1; the 
situation has changed (the screening is not as marked) but again the larger the 
instanton the more it is screened by instantons of smaller than average size. 
Finally N0 - Nsame is plotted but with 	= 6.0 and Pmax = =c after 23 sweeps 
in figure 4.23 and pmil = 8.0 after 46 sweeps in figure 4.24. At 23 sweeps for 
Pref > 7.0, Nsame - N0 > 0 for R = 7, 8, 9. The same is true after 46 sweeps 
with Pref > 9.0. The implication from these plots is that close together large 
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Nne - N0 no cuts fl=6.2 :46 sweeps 
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Figure 4.20: Nsarne - N0 vs Pref : rl = 6.2 46 sweeps : no cuts 
N.me - N0 ,p < 6.0 =6.2 :23 sweeps 
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Figure 4.21: Nsame - N0 VS Pref : 0 = 6.2 23 sweeps 
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Figure 4.22: Nsarne - N pp VS p.,f : 	= 6.2 46 sweeps 
instantons tend to have the same sign as each other while smaller than average 
instantons tend to be screened by large instantons. 
The picture of the vacuum that emerges from this study is that there is a bias 
towards large instantons with one sign being overscreened by smaller than average 
instantons with the opposite sign. This picture explains both the large peak in 
Q 2 (p < p1t) and the behaviour of the function C(p). 
4.5 Finite volume effects 
The results presented above have shown that there are many large instantons 
in the vacuum. In view of this it is necessary to check whether the calculation 
presented here is suffering from finite volume effects. The comparison is carried 
out at 46 sweeps at fl = 6.0 on the 16 x 48 lattices and the 32 3  x 64 lattices. As 
a first check the size distributions are compared in figures 4.25 for the P2  filter 
and in figures 4.26 for the p3 filter. 
The best fits to the data are given in table 4.4. The fits ranges are given in 
units of the string tension. For small instantons there are no finite volume effects 
—2 L 
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Figure 4.23: Nsarne - N0  VS Pref : 13 = 6.2 23 sweeps 
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Figure 4.24: Nsame - N0 VS Pref : 0 = 6.2 46 sweeps 
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Figure 4.25: Comparison of size distributions : P2 filter 
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Figure 4.26: Comparison of size distributions : P3 filter 
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0 sweep range CY 2/dof 
6.0 46 0.44 	0.99 2.58+0.0401.72 —0.053 
6.0 46 1.87 2.42 —14.93 0.  0.53 
Table 4.4: Best fits to large volume data : P2 filter 
I 	 I 	I I 
Q 2  vs p=6.0 46 sweeps 
HL 
- 	 X small volume 
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Figure 4.27: Comparison of Q2p < Pcut : P2 filter 
at all; the size distributions are quite consistent. In the large size tail of the 
distribution there are some discrepancies. The best fits (10 differ and do not 
agree within errors. However, this may be a result of the filter parameters used. 
The behaviour of the Q2(p < pt) plots are also the same on the large and small 
volumes. The large volume also gives the peak in Q2 (p < Pcut) near Ppeak  as 
shown in figure 4.27 (in this plot the value of Q2(p < pcijt) on the large volume 
has been divided by the ratio of the large to small volumes). Again the plot 
shows that the peak values on both volumes are consistent with each other and 
again there are no finite volume effects. It is therefore concluded that the size 
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Figure 4.28: N' t vs sweep 
4.6 Topological Susceptibility 
The topological 	has been calculated from 
Xt = I ( (j d 4XQ(X))2) 	 (4.6) 
In order to reduce the discretisation errors from small instantons in the vacuum 
the charge of each configuration is corrected by using equation 3.7 for each in-
stanton. The topological charge is then rounded to the nearest integer and the 
topological susceptibility is calculated. The results for Xt  are plotted vs sweep 
for all the data sets analysed in figure 4.28 and given in table 4.5. 
Note as the number of cooling sweeps is increased there is a slight decrease in the 
topological susceptibility at both /3 = 6.0 and J13 = 6.2. The calculated values of 
in physical units, are given in table 4.6. The value 	is taken at 46 sweeps 
at both /3 = 6.2, and /3 = 6.0 on the small lattice and on the large /3 = 6.0 lattice. 
Note that there is a (small) discrepancy between x calculated on the small 
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sweep yK  
6.2 23 0.451 ± 0.017 





0.437 + 0.017 
0.459 + 0.017 
6.0 28 0.455 + 0.017 
6.0 32 0.454 + 0.017 
6.0 46 0.445 + 0.017 
6.0 large 46 j 0.400 + 0.020 
Table 4.5: XL  vs sweep VY 
83 
Il/fcV 
6.2 192.3 + 7.5 
6.0 195.8 + 7.5 
6.01arge 176.0 ± 8.8 
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Figure 4.29: Q of corifig vs sweep 
volume with x calculated on the large volume at = 6.0. If the error on the 
difference between X t on large and small volumes is calculated then the difference 
is 0.045 + 0.026. Thus the discrepancy is a 2o effect and so is not significant. 
Further, plotting the charge of the large configurations against update sweep 
suggests that there are correlations among the configurations (figure 4.29). It is 
therefore possible that the errors quoted above are riot the true errors; they will 
be underestimates of the true error. Therefore no significance is placed on this 
discrepancy. 
A naive extrapolation of the susceptibility on the small volumes can he carried 
out if the following relation is assumed. 
4 (a-  cont +ba2 K 	 (4.7) 
V17  
One possible choice is to extrapolate the data after 46 cooling sweeps which gives 
Xont 188 + 18MeV. This agrees with the value predicted by Witten [13]. 
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4.7 Conclusion 
This chapter has described a calculation of the structure of the 511(3) vacuum 
using the techniques described in chapters 2 and 3. In general the iristanton sizes 
are peaked around p 1v'7. It has been shown that in the vacuum instantons 
in general will sit close to anti-instantons as expected. Evidence has also been 
discovered of overscreening of large instantons by small anti-instantons. It is 
possible to tune the cooling so that the distributions obtained will approximately 
scale and it has been checked that there are no significant finite volume effects. 
However, the variation of the distributions under cooling demonstrates the major 
objection to using cooling. The results for the distributions depend on where 
the cooling is stopped (the best fits to the distributions vary with the amount of 
cooling) arid scaling of the distributions can only be found at the expense of fine 
tuning the number of cooling sweeps. 
The results discussed in chapters 2,3 and 4 will he presented in [35]. 
Chapter 5 
Low-lying eigenvalues of the Wilson-Dirac 
operator 
5.1 Introduction 
5.1.1 Instanton zero modes in the continuum 
In the continuum the zero modes of the Dirac operator 0  on a given gauge 
configuration are related to its topological charge, Q, through the Atiya.h-Singer 
theorem. 
(5.1) 
where 	is the number of right(left) handed zero modes of the Dirac operator. 
A single inistanton, in infinite volume satisfies the index theorem with a single 






where u is a constant right-handed spinor and p is the size of the underlying 
instanton. Similarly an anti-instanton satisfies the index theorem with a single 
left-handed zero mode. 
The index theorem holds for any gauge configuration whether it is a solution of 
the gauge field equations of motion or not. 
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As described in Chapter 1 these zero modes lead to the solution of the U(1) 
problem[3][15]. The zero modes of the Dirac Operator are related to chiral sym-
metry breaking through the Banks Casher relation 
= (o) 	 (5.4) 
where i() is the eigenvalue density and chiral symmetry is broken if V(0) 	0. 
Lattice studies by Hands and Teper[36] with staggered fermions have indicated 
that instantons may be partially responsible for chiral symmetry breaking but it 
is not clear yet whether they are wholly responsible. 
5.1.2 The Wilson-Dirac Operator 
Naively discretising fermions on the lattice leads to 16 flavours of degenerate 
fermions in the continuum limit. This is a consequence of a theorem by Nielsen 
and Ninomiya [37] (the "No-go" theorem) which states that if the fermion action 
is translationally invariant, hermitian, local, bilinear in the fermion fields and 
has a continuous chiral symmetry then fermions occur in opposite chirality pairs. 
Wilson [38] cured this problem by adding the so-called Wilson term to the fermion 
action which gives all but one of the fermion flavours a mass of O(-) where a 
is the lattice spacing. In the continuum limit the mass of the doublers becomes 
infinite and they decouple from the theory. 
On the lattice the Wilson-Dirac operator M is defined through 
[MI(x)= OW - 	{(i - )U(x)(x + ) + 
(1+ 	)U1 (x - 	(x - )} 	 (5.5) 
with 
(2rna + 8)_I 	 (5.6) 
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K now takes the place of the quark mass and must be fixed during calculations. 
The addition of the Wilson term breaks chiral symmetry and introduces a rerior-
malisation of the quark mass. In hadron spectrum calculations the renormalised 
quark mass is fixed by the following method. The quark mass, rnq , is taken to 
be zero where the pion mass is zero. The pion mass is calculated at a number 
of different K values and linearly extrapolated in - to the point where rn.,1. = 0. 
This tc value, denoted i, defines Tfl q 	0. In the chiral regime rnqa 
= ( - 
The matrix M IS 75 hermitian i.e. 
M = 75 Mty5 
	
(5,7) 
By considering the characteristic equation of M it can be shown that the eigen-
values of M are either real or come in complex conjugate pairs. 
Further it can be shown that, for any eigenvectors ri of All, 
( 	- 	 05 7-i = 0 	 (5.8) 
Defining the chirality as x = 	 shows that only modes with 	can have 
non-zero chirality; the other eigenmodes, those with complex ) must have x = 0. 
Writing M = (1 + KR) it can be seen that the eigenvectors of M are independent 
of r, while the spectrum of M is shifted and dilated by varying K. Further, only 
real modes of R can become zero modes of M at a particular ic value. 
In the continuum only zero modes of P can have x :~ 0 and this indicates that 
only the eigenvectors of M corresponding to real eigenvalues can play the role of 
zero modes in the contiriuum[39]. 
This discretisation is correct to 0(a). The operator can be fully 0(a) improved 
through the addition of the Clover term 	 has recently been 
determined non-perturbatively by the ALPHA collaboration allowing fully 0(a) 
improved simulations to be carried out [40] 
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5.1.3 The Hermitian matrix Q 
For this study the low-lying eigenmodes, i.e. those with eigenvalues closest to 
zero, of Q have been investigated. 
Q is defined through 
Q = co75 M 
	
(5.9) 
where c0 defined by co = I+ 8K restricts the eigenvalues of the unimproved matrix 
to [-1, 1]. Unlike M, Q is hermitian and the eigenvectors and the eigenvalues 
of Q both depend non-trivially on t. However, all hadronic observables can he 
computed in terms of Q: 
	
= Q 1 75c0 	 (5.10) 
The relation betweerì Q and M is very complicated. The low-lying spectrum of 
Q(K) is related to those eigenvalues of M closest to zero. Writing M = 1 + KR 
where R is the hopping term, then it can be seen that if p is a real eigenvalue of 
I? then M(K) and Q(K) have a common zero-mode at ic0 = 
The non-trivial c dependence of the eigenvalues and eigerivectors of Q means 
that to extract information about the spectrum of M it is necessary to calculate 
the low-lying modes of Q at different ic values; so-called ic scans. 
An approximate dependence of the eigenvalues of Q on ic can he derived. If 
= (ic)b 	 (5.11) 
then if 	ic + Sic, 	+ SA with 
= 	(Mr-) - x(ic)) + 
0 (5K ) 
2 	 (5.12) 
In particular, if one is close to a zero mode then Ic0, position of the zero mode, 
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can he estimated by 
A 	
) 	 (5.13) 
\ AXJ 
This relation is used to guide searches for zero modes of Q. 
The chiralities of the eigenrnodes of Q are related to the eigenvalues by 







Xi(k) = 0 -+ 	= 0  
d(i/K) 
Throughout this report, Ko corresponds to the position of the zero mode while i 
corresponds to the position of a zero of chirality (of the lowest non-zero mode). 
5.1.4 A simple example The free case 
As a simple example of the relation between M and Q we consider the case where 
all the U(x) = 1. It is possible to derive the exact results for the spectrum in 
this case by Fourier transforming the matrix. 
For M the spectrum on an L4 lattice is given by 
A= --cos(p)+i /.sin2(p/) 	 (5.17) 
2K 	it 	 it 
where if periodic boundary conditions are imposed on the fermion fields 
27 
p=v:ii=0,...L-1 	 (5.18) 
and if anti-periodic boundary conditions are imposed 
27r 	1 	1 
(5.19) 
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Figure 5.1: Spectrum of M: L = 4: periodic boundary conditions 
The spectrum of the momentum dependent part, i.e. omitting the 	term and 
centering the spectrum on the origin is plotted for L 4 in figure 5.1 for periodic 
boundary conditions and for anti-periodic boundary conditions imposed in the 
time direction in figure 5.2. 
These plots explicitly show the symmetries of the spectrum of M. Note that if 
the gauge group is SU(N) then there are 4N real modes, in the left hand leg 
of the spectrum with periodic boundary conditions whereas for the anti-periodic 
case there are none. 
For Q 2  the eigenvalues are given by 





 This formula demonstrates explicitly the non-trivial dependence of the eigenval-
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Figure 5.2: Spectrum of M: L 4: anti-periodic boundary conditions 
demonstrating that the low-lying eigenvectors of Q are related to the modes of 
M closest to the real axis. 
The eigenvalues of Q2  are plotted for L - 4 with anti-periodic boundary condi-
tions in figure 5.3 showing how as n is varied different modes become the lowest. 
With anti-periodic boundary conditions imposed in the 4 direction it can also be 
shown that the modes with the lowest momenta 
pp. = 	 (5.22) 




This isjust 'crjt  for the free case witFi a. volume correction which disappears as 
Ii - 	. This suggests that another measure of 'crt  may be 	[41]. 
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Figure 5.3: Spectrum of Q: L = 4: anti-periodic boundary conditions 
5.1.5 Calculation of the eigenmodes and eigenvectors 
The eigenmodes of Q are calculated by using conjugate gradient to minimise the 
Ritz functional[42] 
(I'IQ2bk) 	 (524) 
(bktbk) 
Higher eigenmodes are calculated by finding ?/)k orthogonal to the approximate 
eigenspace spanned by previously calculated eigenvectors. The algorithm is accel-
erated by alternating incomplete conjugate gradient searches with intermediate 
diagonalisations of Q2  in the approximate eigenspace. The algorithm has the 
virtues of being numerically stable, giving rigorous error bounds on the eigen-
values and the correct degeneracies. This proceedure also gives the approximate 
eigenvectors of Q as well. 
5.1.6 Localisation of the modes 
To investigate the space-time localisation of the modes, the eigenvector density 
(x) 	t(x)(x) 	 (5.25) 
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is calculated. 
An estimate of how delocalised the mode is is given by the Participation Ratio 
(PR) which measures what fraction of the lattice the mode fills. It is defined by 




X) J 	 526 
V (04 
where V is the lattice volume. It has the properties 
if PR = 1 then (x) = c, a constant. 
if PR 	then (x) = 
if (x) is random, PR = 
5.1.7 Instantons on the Lattice 
As described in Chapter 2, on the lattice there is no real topology. Therefore it is 
necessary to investigate whether as we approach the continuum limit we regain 
continuum behaviour such as the index theorem [12]. In this chapter the index 
theorem is investigated on instanton configurations. The behaviour of the modes 
in the right hand leg of the spectrum is investigated as this is where hadron 
spectrum calculations are carried out. 
As in chapter 2 the discretisation of [30] is used to set up the instantoris on the 
lattice. The index theorem has been investigated on instanton configurations in 
4-d with staggered fermions in [30] and with staggered fermions on thermalised 
configurations in [43]. Wilson fermions in 2-d have been investigated in [44] and 
[45] and in 4-d on thermalised configurations by [46]. 
In this chapter the instanton size quoted (except in the study of exceptional con-
figurations) is the input parameter when the instanton was set up the instanton 
on the lattice. In plots of the size dependence of the low-lying modes the figures 
marking each point e.g. 2 corresponds to the size used to set up the instanton. 
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Figure 5.4: Lowest mode with positive chirality 
5.2 Single Instanton with periodic boundary conditions 
Consider the single instanton case, with periodic boundary conditions imposed 
on the fermion fields. The single instanton satisfies the index theorem by having 4 
right handed zero modes and 3 left handed zero modes (with staggered fermions, 
where there are 4 degenerate flavours of fermion, it was found that the index 
theorem was satisfied with 16 right handed and 12 left handed modes [30] ) 
The size dependence of the spectrum is shown in figures 5.4 and 5.5. The plots 
show kappa scans carried out on a 12 4  lattice. Figure 5.4 shows the lowest modes 
with positive chirality calculated with 3 different instanton sizes, and figure 5.5 
is similar but for the lowest mode with negative chirality. It can be seen that as 
p -+ 0, io —+ 1 from above. 
The eigenvector density i/'t(x)(x)  of the modes is very delocalised. For all the 
sizes calculated the participation parameter is greater than 0.9, indicating that 
the zero modes are spread out over most of the lattice. 
Calculating the chirality of the zero modes shows that x > 0.99, while for the 
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Figure 5.5: Lowest mode with negative chirality 
other modes x << I at k0. 
The size dependence of the spectrum can he explained as follows. If 2 —* 0 then 
the free case will be recovered because for p small enough the instanton falls 
through the lattice. In SU(2) the free case has 8 zero modes at k = 0.125. The 
plots of size dependence show that, as p decreases, K o moves towards r, = 0.125. 
Examining the first non zero mode of the spectrum it is seen that as p —* 0, 
X —+ —1. Recall that in SU(2) the free case had 4 right handed zero modes and 
4 left handed zero modes; this shows that as p — 0 the free case is restored. For 
periodic boundary conditions the index theorem is satisfied by the removal of a 
zero mode which restores itself as p —* 0. 
When the clover term is added the index theorem is still satisfied with 4 right 
handed and 3 left handed zero modes. A single instanton corresponds to a very 
smooth gauge field; its average plaquette value is approximately 1, hence c, = 1 
is used. The size dependence of 1min  has been lessened and all the zero modes lie 
between ic = 0.125 and r, = 0.12505; improvement has moved ,o  closer to 0.125 
for the instanton sizes considered. The absolute value of the chirality of the first 
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L p c, , K X  KO 
12 2 0 0.1260 0.135 
12 3 0 0.1260 0.129 
12 4 0 0.1263 0.127 
12 2 1 0.1255 0.1258 
12 3 1 0.1255 0.1251 
1.2 4 1 0.1255 0.1250 
16 2 0 0.1255 0.135 
16 3 0 0.1255 0.129 
16 4 0 0.1255 0.127 
16 2 1 0.1255 0.1258 
16 3 1 0.1255 0.1251 
16 4 1 0.1255 0.1250 
Table 5.1: Table of results for anti-periodic boundary conditions 
non-zero mode is lower than that found with the unimproved operator and the 
chirality approaches —1 more slowly than in the unimproved case. 
5.3 Anti-periodic boundary conditions 
Consider now the case of a single discretised instanton with anti-periodic bound-
ary conditions imposed on the fermion fields. 
In this case the single instanton satisfies the index theorem with one right-handed 
zero mode and no left-handed zero modes. As in the periodic case, Ko depends 
on the size of the underlying instanton. Table 5.1 gives the results for ,o  and K.  
of the lowest non-zero modes on all the lattices with all different sizes and Fig. 
5.6 shows the size dependence of KO on a 16 4  lattice with different size iristantons. 
In contrast to the periodic case, the smaller the underlying object the higher the 
value of i. This can also be interpreted as the restoration of the free case as 
—* 0. In the free case with anti-periodic boundary conditions in one direction 
'The boundary conditions were imposed by flipping the sign of the links in the time direction 
on one time slice. 




Figure 5.6: Size dependence of s j 
there are no zero-modes, hence as the instanton is made smaller the single zero 
mode brought in by the instanton eventually disappears. 
Adding in the improvement term with cSU 1 reduces the size dependence of I-g 
and it also moves ,ij closer to 1  at fixed p. 
Discretisation effects are also shown by calculating the chirality of the modes. 
Figure 5.7 shows how x - I as p is increased and as the clover term is added. 
The higher modes have a chirality crossing at K x close to ic0. 
Recall that in the case of periodic boundary conditions the participation param-
eter of the zero mode was generally bigger than 0.9, indicating a very delocalised 
mode. In the anti-periodic case the participation parameter is << 1 indicating a 
localised mode. The participation parameter is plotted versus the instanton size 
in figure 5.8. The plot shows that as p decreases the zero mode becomes more 
localised. It should also be noted that the improved zero mode is more localised 
than the unimproved zero-mode, but, as p increases, this difference becomes 
smaller (the smoother configuration has smaller discretisation effects). In both 
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Figure 5.7: x of mode vs p 
the improved and unimproved cases the zero mode is centred on the instanton. 
The volume dependence of the low-lying modes was also investigated by com-
paring the low-lying modes on 16 lattices with that calculated on 12 lattices. 
There was a very slight dependency of the low-lying modes on the volume of the 
system. Figure 5.9 shows the volume dependence of the low-lying modes with 
p = 4 and c9 	0, while figure 5.10 shows the volume dependence for p = 4 and 
= 1. Note also that the volume dependence is lessened by the introduction 
of the clover term. This may be related to the improved zero modes being more 
localised than the unimproved zero modes and so not being influenced so much 
by the boundary. Table 5.1 shows that n. does not vary with p at least to the 
precision it was measured. The change in r,, of the p = 4 instanton with L = 12 
and CMLI 	0 is a finite volume effect; it disappears on the L = 16 lattice. Note 
again that it also disappears with the introduction of the clover term. Finally, 
comparing i and r 0 shows that increasing f) and/or adding in the clover term 
makes tc —* 
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Figure 5.8: PR of zero-mode vs p 
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Figure 5.9: Volume dependence of low-lying modes p = 4, c, = 0 
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Figure 5.10: Volume dependence of low-lying modes p = 4, c 	1 
5.4 The effect of heating 
The next question that is investigated is how the behaviour of the modes changes 
when noise is added to the system. Only the anti-periodic case is considered as 
this is what is relevant to hadron spectroscopy and the problem of exceptional 
configurations. The method is as follows. A cold instanton is set up on the lattice 
in the usual mariner. Then the configuration is heated up using the Cabibbo 
Marinari heat bath at a chosen 0 value. The topological charge, Q, of the heated 
configuration was measured by the cooling algorithm [25]. in all plots of A   vs 
'c and x vs K the bursts connected together by the solid line plot the lowest 
eigenmode of Q 2, the squares to the second lowest mode arid diamonds to the 
third lowest. 
5.4.1 Stability of the modes during heating 
In order to investigate this, cold instantons with p = 2, 3, 4 were heated up on a 
12 4  lattice at 0 = 6.0. Zero mode searches were carried out at 5,10 and 15 sweeps 
with the unimproved operator. For each size four heatings were carried out. 
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For most of the configurations it was found that Q = 1 and that n 	1 and 
= 0. A typical scan is shown for a p = 3 instanton with a final Q 	1 in fig 
5.11 (the first row corresponds to 5 sweeps, the 2nd to 10 sweeps and the 3rd to 
15 sweeps). 
Heating has two effects on the zero modes. Firstly /j now varies from config-
uration to configuration and (ico) on the heated configurations is close to Kcrit 
as measured from chiral extrapolations of m7 (for f3 = 6.0 and the unimproved 
action 'crjt = 0.1571 [47]). Secondly the chirality crossing of the higher modes 
has also moved to a higher K value; r,, remains close to k cr jt and fluctuates much 
less than , o. 
The modes on the heated configurations are localised; as in the cold case, the 
participation ratio << 1. In all but one of the cases, the p = 4 case described 
below, the final Q value after 15 sweeps was Q = I and the maximum of the 
eigenvector density of the zero-mode remains close to the centre of the original 
instanton during the heating, showing the stability of the modes during heating. 
When heating the iristantons with p = 2 it was found that in two of the four 
cases the zero mode disappeared between 5 and 10 heating sweeps as shown in 
Fig. 5.12. Measuring the topological charge of these configurations after 10 and 
15 sweeps using the cooling method, gave Q = 0 in accordance with the index 
theorem; this time the disappearance of the mode coincides with the removal 
of the instanton by the heating. However, on one of the configurations after 
10 sweeps the improved operator has a zero mode at a very high kappa value, 
= 0.17465. This shows that the improved operator is more sensitive to the 
narrow instantons than both the unimproved operator and the cooling method 
gives Q = 0. 
Another discrepancy between the topological charge as measured by cooling and 
the topological charge from the zero modes was found in this study at /3 = 6.0. 
In one heating of a p = 4 instanton an extra zero mode of the improved operator 
appeared while the topological charge as measured by cooling remained at 1. 
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Figure 5.11: 13 = 6.0 : p = 3 
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vs ic cow 0 10 sweeps 
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Figure 5.12: Disappearance of mode fY = 6.0 : p = 2 
Figure 5.13 shows both the improved arid unimproved operators after 15 heating 
sweeps. Note that, for the ic range scanned, the zero mode only appears for 
the improved operator. The zero mode at the lower ic value corresponds to the 
original mode brought in by the instanton (it is localised close to the centre of the 
original instanton) while the mode at the higher K value is centered at a different 
space-time point very far from the original object. Examining the cooling curve of 
this configuration shows no evidence of an instanton disappearing during cooling, 
hence it is likely that this zero mode belongs to a very narrow object that is 
removed during the first cooling sweeps. This interpretation is also supported by 
the higher ,'o  value of this mode (recall in the cold case the smaller the object 
the higher ico) and the observation that the mode is only seen in the K range 
scanned for the improved operator. If there is a corresponding eigenmode for the 
unimproved operator then its i-t0 is at a very high it value. 
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Figure 5.13: Appearance of extra zero-mode /3 = 6.0: p = 4 
5.4.2 Heating at /3 = 9.0 
This investigation was done on a 12 4  lattice with /3 = 9.0. The starting sizes were 
the same as before; p = 2, 3,4 and these configurations were given 10 heat bath 
sweeps. The number of sweeps was chosen to ensure the average plaquette had 
reached its thermalised value. For p = 3 and p = 4, all 10 configurations had 
Q = 1, while for p = 2 only 8 did, the other 2 had Q = 0. As in the cold case 
both the improved and unimproved operators were investigated, c, was again 
calculated using the ALPHA formula [40]. 
Figures 5.14 and 5.15 show a typical scan on a heated instanton for p  2 and p = 
4 with both improved and unimproved operators. On all /3 = 9.0 configurations 
with Q = 1 it was found that the index theorem is satisfied with n = I and 
= 0, just as in the unheated case. Similarly, it was found that the zero mode 
was always localised on the core of the instanton, as in the unheated case. 
0.15 	 0.20 
'C 
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Figure 5.14: p - 2 0 = 9.0 
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c5,, p (t) var(to) 
0 2.0 0.1.510 0.0053 
0 3.0 0.1420 0.00098 
0 4.0 0.1405 0.00039 
1 2.0 0.1339 0.00156 
1 3.0 0.1322 0.00013 
1 4.0 0.1321 0.00005 
Table 5.2: (') and var(1j) for /3 = 9.0 
As in the 13 = 6.0 case, it is found that for each starting size no fluctuates 
about a mean value (kg) with variance var(tcu). The results averaged over all 
configurations are shown in table 5.2 and plotted in Figure 5.16 and 5.17. The 
bars on each point correspond to the variance of no rather than the error. 
The results show that the smaller the size of the instaritori the larger the fluctua-
tions in no. There is some uncertainty with the final size of the p = 2 inista,ntons, 
as they are more likely to he affected by the heating which may amplify var(io) 
but for p = 3, 4 the size of the instariton is not expected to vary much during 
the heating. For the unimproved operator, both (i) and var(ko) depend on the 
size of the original instanton. Adding the improvement term reduces the size 
dependence of (ico) and var(i o ). In fact, with these parameters (kg) for p = 3 
and p = 4 are within var(,co, p = 3) of each other. 
The behaviour of n, is analogous to its behaviour at 0 = 6.0. The heating again 
shifts K X  upwards. For /3 = 9.0, 0.139 < K x < 0.140 for the unimproved operator 
and 0.132 < K X  < 0.133 for the improved operator. To the accuracy that K. was 
measured, there is no variation of K. with the size of the underlying object and 
0. The data shows that var(k.j << var(ico). This shows that unlike no, 
KX  is both insensitive to the size of the underlying object and to the fluctuations 
of the gauge field. 
As in the cold case, another effect of improvement can be seen in the chiralities 
of the zero-modes. Note again that increasing p or using the improved operator 
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Figure 5.17: (') ± var(i o ) vs p: c = NP 
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makes the chirality of the zero mode closer to 1 and moves to) closer to '. 
As described above, on all but two of the heated configurations, both with starting 
width p = 2, the topological charge of the configuration as measured by cooling is 
Q = 1 and the index theorem is satisfied with n+ = I. and 71_ = 0. On one of the 
configurations where Q = 0 both the improved and unimproved operator have 
rl+ 	= 0 in the ic range investigated. In the other case it was found that 
the unimproved operator had rl+ = ri_ = 0, while the improved operator had 
= I and n_ = 0 and no = 0.1539 very much higher than (it0). Examining the 
cooling curve of this configuration suggested that either heating had destroyed 
the instanton, or it had become very narrow. The zero-mode is centered on 
the original object which suggests the object has become very narrow. The 
conclusion from this and the 	6.0 study is that the fermionic method of 
measuring topological charge (with the improved operator) is more sensitive to 
small objects and will record structure where cooling will record none. 
5.5 Exceptional Configurations 
5.5.1 The problem 
Exceptional Configurations are those that have a zero-mode of the Wilson-Dirac 
Operator at a it value that is in the physical region. These zero-modes show 
up as poles in the fermion propagator. For it close to ito, the quark propagator 
is dominated by the lowest mode and these rxceptional configurations dominate 
the final results. This is shown for the exceptional configurations encountered by 
UKQCD[48] in figures 5.18 and 5.19 
Exceptional configurations are normally ignored in hadron spectrum calculations. 
However, Eichten et al [491 have recently introduced the Modified Quenched 
Approximation, which corrects for these exceptional poles in the propagator and 
leads to a suppresion of the large statistical errors associated with the exceptional 
configurations. The folklore of exceptional configurations is that they are more 
2  likely to appear for higher q, higher c,0 and larger volume. 
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Figure 5.18: / = 6.0 pion effective mass including exceptional configurations 
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Figure 5.19: 	6.0 pion effective mass excluding exceptional configurations 
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lattice cfg# xjj nearest object size distance Q 
1648 1 + + 2.0 0 -1 
1648 2 - - 3.1 1 -9 
1648 3 + + 2.0 1 +4 
32:3 64 4 - 2.8 
Table 5.3: Localisation of Exceptional Modes 
This section investigates the space-time localisation properties of the four excep-
tional configurations encountered by UKQCD during their light hadron spectrum 
calculations. There were three discovered at /3 = 6.0 on 16 x 48 lattices and one 
on at /3 = 6.0 on a 32 3  x 64 lattice. The fermion action was the clover im- 
proved action using the non-perturbative value of 	suggested by the Alpha 
collaboration[40]. The actual quark masses where the UKQCD exceptional zero 
modes occur are of the order of 500MeV and therefore far below Kent. 
5.5.2 Space-time localisation 
We again consider the eigerivectors of Q. In order to investigate the localisation, 
the eigenvector density is calculated and compared with the topological charge 
density. On the 16 3 >< 48 lattices the comparison is carried out after 23 under-
relaxed cooling sweeps with a = 1 while on the large lattice the comparison is 
carried out after 46 under-relaxed cooling sweeps with a = 1. (These are the same 
parameters used in the study of the vacuum in chapters 3 and 4. The widths 
of the iristantons are calculated using the peak-iteration algorithm described in 
chapter 3.). 
The results are summarised in the table 5.3 They show that the exceptional 
eigenvectors are localised close to an underlying topological object in the gauge 
configuration. The closest object is at most V2- lattice spacings away from the 
maximum of the eigenvector density. The sign of the chirality of the mode is 
correlated with the sign of the underlying instanton, but not correlated with the 
sign of the overall topological charge. A further point to note is that the closest 
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instanton is very small, both in terms of its size in lattice spacings arid in physical 
units, where its size is less than the average iristanton size found in chapter 4. 
There is a strong hint here that the exceptional modes are related to small in-
stantons in the underlying gauge field. If this is the case it could go some way 
to explaining part of the folklore. As the volume is increased at fixed /3, the 
number of small instantons in the underlying gauge field will increase arid there-
fore the number of exceptional modes would also increase. As /3 is lowered, the 
size distribution of the instantons will become smaller in lattice units. The size 
distribution will peak at a smaller number of lattice spacings and therefore the 
number of small instantons will increase. 
5.6 Conclusions 
This study has shown how a single instaritori satisfies the index theorem on the 
lattice both in the cold case and after heating. 
In the cold case, it was found that on a single iristaritori configuration with peri-
odic boundary conditions imposed on the fermions, the index theorem was satis- 
fied with r+ = 4 and ri_ = 3 while in the anti-periodic case 	1 and n_ = 0. 
The position of the zero-modes and the chiralities are sensitive to the discreti-
sation errors. The inclusion of the improvement term has been seen to have a 
significant effect on both the chiralities and positions of the zero modes. 
In the heated case, only the anti-periodic case was investigated as this is the case 
encountered in hadron spectrum calculations. By following the modes during the 
heating it has been shown that the zero-modes are stable during the heating. 
At /3 = 9.0 the fluctuations in /c j were measured and shown to increase as the 
underlying object is made smaller. The heating study again showed the index 
theorem was satisfied with n+ = 1 and n_ = 0. Discrepancies between Q and 
72+ - n_ only appeared for the improved operator (extra zero modes for the 
unimproved operator were not seen). This can be explained by the coarseness of 
the measurement of Q by the cooling method; it misses small instantons while 
the improved Wilson operator has a zero mode indicating the presence of an 
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instanton-like object. 
The larger fluctuations in K o for smaller p and the investigation of the localisation 
of exceptional eigenmodes suggests that the problem of exceptional configurations 
is related to the presence of small instantons in the underlying gauge field. 
The it-value of vanishing ciurality of the lowest non-zero modes, i, seems to be 
an interesting quantity to characterise the "bulk" modes of the spectrum. On 
cold and heated instantons K. is fairly insensitive to the size of the underlying 
instanton and var(i<) << var(io). Moreover, in the cases where it could be 
compared with the known value of 	(the 0 = 6.0 configurations) K, appears 
closely related to K,rit•  This supports the idea of Sirnma [41] that K, may be a 
better quantity than K O to characterise 'rjt  for single configurations. 
The results presented in this chapter will be published in [50]. 
Chapter 6 
Conclusions 
This thesis has investigated the structure of the SU(3) vacuum using under-
relaxed cooling and carried out an exploratory study of the low-lying eigenmodes 
of the Wilson-Dirac Operator on iristariton configurations. 
The study of the structure of the vacuum has investigated the size and spatial 
distributions of the instantoris. Correlations amongst the inistantons have also 
been investigated. It has been found that the average size of the instantons oil 
the cooled configurations is 
V 
1 arid that instantons arid anti-instantonis sit close 
together in the vacuum as expected. More interestingly, it has been found that 
large iristaritons are overscrccrid by small anti-instantons. 
Future work on the vacuum structure of SU(3) gauge theory should perhaps he 
carried out at higher /3 values. This would enable a fuller investigation of the scal-
ing of the distributions to be carried out. The results presented in chapter 4 have 
shown that there is rapid variation of the number of peaks in the vacuum during 
cooling; a higher /3 value will mean that both the sizes of arid distances between 
iristantons will be bigger (in lattice units) and short cooling should therefore not 
affect the distributions so much. 
A further investigation will be whether light fermions have any effect on the 
iristanton distributions. For a single flavour of quark (Q2 ) is given by [51] 
Q2 ) CX mV 	 (6.1) 
where m is the mass of the quark and V is the volume of space-time. For light 
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quark masses, the susceptibility is suppressed and if m = 0, (Q) = 0; for every 
instanton there will be an anti-instanton, the screening will be exact. However, 
there may still be the division between large and small iristantons; on each con-
figuration an investigation of Q2 (p < pt,) may still reveal a large peak at some 
value of p,.,,t, indicating that small iristantonis are screening large anti-instantons. 
A mechanism for the overscreerung of large instaritons by small anti-instantons is 
as yet unknown. The effect of such behaviour on physics also needs investigating. 
This thesis has also examined the appearance and spacetirne localisation prop-
erties of the zero modes of the unimproved and improved Wilsori-Dirac operator 
on single instantori configurations (both cold and heated). 
In general the ic dependence of the low-lying eigenvalues and the nature of the lo-
calisation of the eigenimodes deserves further investigation on thermalised (multi-
instanton) configurations and finally on unquenchied configurations. An interest-
ing question in this context is to what extent quark propagators and hadronic 
correlation functions are dominated by the low-lying modes. This is assumed in 
the interacting instaniton liquid model and an investigation of these issues has 
also been started by Negele[52]. 
For the exceptional configurations, it should be investigated whether one can 
clearly identify properties of the topological charge distribution that lead to the 
appearance of exceptional modes. A related question to this is how the charge 
correlations discovered during the cooling investigation affect the localisation of 
the modes. Moreover, it is necessary to understand whether the exceptional 
modes are related to relevant physical effects or whether they are effects of the 
lattice discretisation ( as suggested by their origin from small objects). Such an 
investigation must then finally be extended to configurations generated with the 
inclusion of dynamical fermion effects. 
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